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Abstract 

The general structure of the conformal boundary V"*" of asymptotically de Sitter 
spacetimes is investigated. First we show that Penrose’s quasi-local mass, associated 
with a cut S of the conformal boundary, can be zero even in the presence of outgoing 
gravitational radiation. On the other hand, following a Witten-type spinorial proof, 
we show that an analogous expression based on the Nester-Witten form is hnite only 
if the Witten spinor held solves the 2-surface twistor equation on S, and it yields a 
positive functional on the 2-surface twistor space on S, provided the matter helds 
satisfy the dominant energy condition. Moreover, this functional is vanishing if and 
only if the domain of dependence of the spacelike hypersurface which intersects V"*" 
in the cut S is locally isometric to the de Sitter spacetime. For non-contorted cuts 
this functional yields an invariant analogous to the Bondi mass. 


1 Introduction 

The simplest explanation of the root of the deviation of the observed red shift vs. lumi¬ 
nosity diagram of distant type la supernovae from the expected one is probably the strict 
positivity of the cosmological constant BEIE]. Thus the history of our observed universe 
should be modeled by asymptotically de Sitter spacetimes, and hence a systematic study 
of these spacetimes, e.g. their asymptotic properties, is physically justified. The confor¬ 
mally cyclic cosmological model (or shortly CCC model) of Penrose [3] is based on the 
positivity of the cosmological constant. In this model the crossover hypersurface is just 
the (spacelike) future timelike infinity of the previous aeon and the big bang singularity 
of the present aeon. 

In the study of asymptotic properties of spacetime one of the most important questions 
is that of the ‘conserved’ quantities, e.g. the energy-momentum. In asymptotically 
flat or asymptotically anti-de Sitter spacetimes the ‘total’ energy-momentum is thought 
of as associated with a localized gravitating source at an arbitrary but finite instant, 
represented by a spacelike hypersurface in the spacetime (or, rather, by a ‘cut’ of the 
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null or timelike conformal boundary, respectively, at finite retarded time). This may be 
strictly conserved and total (like the ADM energy-momentum [1]), or may change in time 
but still be total (like the total mass associated with closed Cauchy surfaces in closed 
universes pun]), or may change in time and be associated only with an (infinite) portion 
of spacetime (like the Bondi-Sachs P El E] energy-momentum at the future null infinity, 
or the Abbott-Deser j8] energy-momentum at the conformal boundary of asymptotically 
anti de Sitter spacetime, which are changing from cut to cut in the presence of outgoing 
radiation or of in- or outgoing radiation, respectively). However, the analogous ‘total’ 
energy-momentum in asymptotically de Sitter spacetimes would be associated with the 
spacelike future conformal boundary (or a part of this boundary), and hence it would be 
interpreted as being associated with the asymptotic final state of the universe (or a part 
of it). Though it would not have any dynamical content (in contrast to the total mass 
of closed universes, the Bondi-Sachs or the Abbott-Deser energy-momenta), it could 
provide a good control on the spacetime geomery near the conformal boundary. 

The idea of the energy-momentum associated with a cut of the future conformal 
boundary has already been raised by Penrose HD, where two potentially viable strategies 
were also discussed. One of these approaches is based on the charge integral of the 
curvature and the use of twistorial methods, and the second is analogous to the ideas 
behind the Bondi-Sachs energy-momentum. (The asymptotic properties of the spacetime 
geometry, including the ‘conserved’ quantities, are already well known when the spacetime 
is asymptotically flat [12], and also when the cosmological constant is negative usmiiiis]. 
For an analogous recent investigation in the presence of a positive cosmological constant, 
see [16]. For a different concept of ‘total’ mass in the presence of a positive A, see |8], 
which mass can, however, be negative nmni EHi ED]. The second strategy of Penrose 
was also discussed in a nutshell by Frauendiener |2I]. The conserved quantities of the 
linearized theory on de Sitter background are discussed in |22|.i 

In the present paper we investigate the general structure of the conformal boundary, 
and the notion of ‘total’ energy-momentum associated with a cut of the future conformal 
boundary and based both on the charge integral of the curvature and of the Nester- 
Witten 2-form, too. We refine (and at certain points improve) the previous analyses of 
the general structure of the conformal boundary itself, construct a coordinate system 
and complex null tetrad (that are analogous to the Bondi and Newman-Penrose ones, 
respectively, near the null infinity of asymptotically flat spacetimes), and determine the 
asymptotic geometry of the smooth spacelike hypersurfaces that extend to the (spacelike) 
conformal boundary. These provide the technical background for the investigation of the 
energy-momentum. We show that the construction for the energy-momentum based on 
the charge integral of the curvature and the use of the 2-surface twistors does not have 
the rigidity property: It may be vanishing even for non-trivial spacetime conhgurations, 
e.g. in vacuum spacetimes with non-vanishing rescaled conformal electric curvature (rep¬ 
resenting for example pure outgoing gravitational radiation). Hence it does not seem to 
provide an appropriate measure of the ‘strength’ of the gravitational ‘field’. 

On the other hand, we show that the expression based on the Nester-Witten 2- 
form has the positivity and rigidity properties: Following a Witten-type argument on a 
spacelike hypersurface S that intersects the future conformal boundary in a spacelike cut 
iS, the integral of the Nester-Witten 2-form on S defines a non-negative functional on 
the space of the boundary values for the Dirac spinor solution of the Witten equation on 
S, provided the matter fields satisfy the dominant energy condition; and this functional 
is vanishing if and only if the domain of dependence of S is locally isometric to the de 
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Sitter spacetime. Interestingly enough, we may not impose any boundary condition for 
the Witten spinors at the cut by hand. All the boundary conditions are determined by the 
Witten equation itself and the requirement of the hniteness of the resulting functional; and 
the boundary condition is that the spinor held on the cut must solve the 2-surface twistor 
equation of Penrose. On the other hand, the interpretation of the resulting (positive 
dehnite) functional is not trivial; What we could consider to be the energy-momentum 4- 
vector is only a part of a bigger multiplet of quantities which are ‘mixed’ by the symmetry 
group of the 2-surface twistor space. Energy-momentum, or at least mass, could be 
dehned in an invariant way only in the presence of extra structures on the 2-surface 
twistor space. In particular, if the cut is non-contorted (e.g. when the whole conformal 
boundary is intrinsically locally conformally hat), then a positive measure of the strength 
of the gravitational ‘held’, which could be interpreted as mass, is found whose vanishing 
is equivalent to the local de Sitter nature of the domain of dependence of the hypersurface 
S above. 

In the proof of the existence of solutions of the Witten equation we use functional 
analytic techniques. It turns out that, on asymptotically hyperboloidal hypersurfaces, 
the solutions of the Witten equations and their derivatives fall oh with the same rate. 
Thus, the weighted Sobolev spaces do not seem to be the appropriate function spaces, 
and the classical Sobolev spaces with an overall weight function in front of the volume 
element should be used. The necessary technical details are also developed here. 

The structure of the paper follows the logic above: In section [2] we discuss the struc¬ 
ture of the conformal boundary, section |3] is devoted to the discussion of the properties 
of an expression based on the integral of the curvature on the cut. Then, in section HI we 
consider the expression based on the Nester-Witten 2-form, prove the positivity and rigid¬ 
ity properties, and introduce the mass on non-contorted cuts. The Appendix is devoted 
to the introduction of the functional analytic tools and statements needed in the proof 
of the existence and uniqueness of solutions of the Witten equation on asymptotically 
hyperboloidal hypersurfaces. 

We use the abstract index formalism and the sign conventions of na. In particular, 
the signature of the spacetime metric is (-I-, —, —, —), and the Riemann tensor is dehned 
according to -R\cdX^V^W<^ := - W^VciV^VaX^) - [V.WfW^X^ for 

any vector helds X“, and W°‘. Thus, Einstein’s equations take the form Gab '■= 
Rab — \Rgab = —>iTab — Agab, where x := StiG and G is Newton’s gravitational constant, 
and A > 0. 

2 The general framework 

2.1 The conformal boundary of spacetimes with positive A 

Let the physical spacetime be denoted by (M, gab), which is assumed to admit a nontrivial 
smooth conformal completion [M, gab,^)', i.e. there exist a manifold M with nonempty 
boundary dM, a Lorentzian metric gab on M and a function : M —)■ [0, cxd), all of them 
smooth, such that 

(i) M — dM is diffeomorphic to (and hence identihed with) M; 

(ii) gab = ^‘^gab on M; 

(iii) the boundary is just dM = {f2 = 0}, and Vatl is nowhere vanishing on dM] 
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(iv) Qab solves Einstein’s equations Rat — ^Rgab = —xTab — ^Qab with positive cosmolog¬ 
ical constant A and energy-momentum tensor Tab satisfying the dominant energy 
condition; 

(v) the physical energy-momentum tensor satisfies the fall-off condition 
where is some smooth tensor field on 

It is known [T2] that (Vefl)(V®r2) ~ A/3, where ~ means ‘equal at the points of dM\ 
Thus the positivity of A is equivalent to the spacelike nature of dM, and we denote 
by the part of dM whose points are future endpoints of inextensible non-spacelike 
curves in M. (In the CCC model such a boundary hypersurface represents the crossover 
hypersurface between two successive aeons.) The hat on quantities and objects is referring 
to the physical spacetime, while the unhatted ones are in the unphysical {M,gab)- (See 
e.g. [IS], or for the analogous definition in the A < 0 case, see |14j.j 
A number of facts follow from this definition. In particular, 

(1) Ck^bcd = C’^bcd ~ 0, i.e. the Weyl tensors are vanishing on [12]; 

(2) there is a conformal factor hi such that the extrinsic curvature Xab and the accelera¬ 

tion Oe of in {M,gab) are vanishing (‘conformal Bondi gauge’). The remaining 
conformal gauge freedom is gab t oo'^gab, where u = uq + ilfQ is a strictly positive 
function on M in which 0 is arbitrary on M, cjq is arbitrary but positive on 
and is constant along its normals (at least in a neighbourhood of Thus we 

can still rescale the intrinsic induced metric of freely |12) : 

(3) if A^“ denotes the future pointing, ^fa^-unit normal to the hi = const hypersurfaces 

(denoted henceforth by "Hq), and Pf := — N^'N^, the (^aft^orthogonal projection 

to Rn, then the part of the physical energy-momentum tensor tends to 

zero in the hi —?■ 0 limit faster than i.e. with 12^ |14) . 

However, the analysis behind these results can be refined further, yielding a slightly 
more detailed characterization of the structure of the conformal boundary and minor 
corrections of previous results. In particular, the same general formulae from which the 
faster fall-off P^T^cN^ = 0(12^^) was derived in [TT] imply that = 0(12^) also 

holds; or that the divergence equation (10) of [TT] for the electric part of the rescaled 
Weyl tensor should be corrected. Thus, in the next subsection, a more detailed discussion 
of the structure of the conformal boundary will be given. 

2.2 The structure of the conformal boundary 

2.2.1 Consequences of Einstein’s equations 

By Einstein’s equations, the assumption on the asymptotic form of the physical energy- 
momentum tensor and the conformal rescaling formulae, the Einstein tensor of the un¬ 
physical spacetime is 

^It might be worth noting that this fall-off condition is stronger than is needed to retain the smoothness 
of the conformal boundary (cf. |13|'l. 
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Rab - ^Rgab = Rab “ ^R9ab + 

= + - a) (2.1) 

Multiplying by and evaluating at f2 = 0, and multiplying by f2, taking the trace and 
evaluating at kl = 0, respectively, we obtain that 3(Vck^)(V'^k2) ~ A and 4VaV;,k2 ~ 
5'afe(VcV‘^k2) (see also |12)h Thus, smoothness of the extension implies that there exist a 
smooth function 0 and a tensor held Tab on M such that 

(Vefi) (V'^kl) = ^ A + kf0, Va Vbkf = ^gab (VeV^kl) + (2.2) 

Taking the trace of the second we hnd that '^abg'^’^ = 0. It is known (see e.g. [12]) that 
the conformal factor can always be chosen such that VcV'^kl ~ 0 (the ‘Bondi conformal 
gauge’), i.e. VcV'’k2 = klT for some smooth T on M. In the rest of the present paper we 
assume that k2 is such a conformal factor. Hence 

VaVbkf = n{^gab^ + ^ab) ■ (2.3) 

Substituting the hrst of fl2.2p and 02.31) into 02.ip we obtain 

1 3 

Rab - -Rgab = -X^Tab + 2^ab “ gab + 3il~^(j)gab- 

Multiplying by kl and evaluating at k2 = 0, we obtain that 0 ~ 0, i.e. 

(V„kf) (V“k2) = ^A + (2.4) 

o 

for some smooth function 4) on M. 

However, 4/ and 4) are not independent. To see this, let us dehne the lapse N of 
the foliation by the level sets 'Hn of kf by 1 =: —NN°''Va^, by means of which the future 
pointing unit normal of the leaves is A^“ = —Ng°'’^'Vb^ and N = l/|Vck2| ~ -^/d/A (by 
02.4p h (Since k2 is decreasing in the future direction and we want the lapse to be positive, 
it should be dehned with the minus sign.) For later use, we need the acceleration of the 
leaves "Hn. By the dehnition of the lapse and fl2.4p this is 

Ue := N^VaN, = -De(lniV) = (2.5) 

where D^, denotes the intrinsic Levi-Civita derivative operator on "Hq determined by the 
induced (negative dehnite) metric hab '■= P^P^gcd- Also, we can calculate the extrinsic 
curvature and its trace: 

:= P:PyaNd = -nN{P:P;^m,, + UKb) , ( 2 . 6 ) 

X := Xabh'^^ = + l'^) ■ (2.7) 

Note that 0 = + '^abN'^N’^- In particular, (12.61) shows that is 

extrinsically flat. On the other hand, by (12.3p and (12.41) . we can calculate the mean 
curvature y in an alternative way: 
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fivl; = = V4-^iV“) = -lx - = -lx + - ^n^NN-Va<l>, 

from which 

X = -nN{^ - $) - 
follows. Comparing this with fl2.7p we see that 

+ <h - ^QNN^Va^ ^ h^’^^ab + (2.8) 

Thus, \h is determined by $ and the three-dimensional trace of and, in particular, 
on it is an algebraic expression of them. 

Substituting fl2.3p and fl2.4l) into fl2.ip and taking into account fl2.8l) we obtain 

Rab — -^^Rgab = —^{>iTab + SgahNN^Vc^) + 2"^ab “ Ggabh^^^'^cd — ^^Qab- (2.9) 

On the other hand, it is known (e.g. from the initial value formulation of general relativ¬ 
ity), that the various 3+1 pieces of the (unphysical) Einstein tensor are 

= -l(7^ + x' - XcdX'^"), (2-10) 

P:N<^{R,,-^Rg,,) = -D,{x\ - x^a). (2.11) 

RaPb{Rcd - ]^R9cd) = R-ab - ]^hab{R + “ XcdX""^) + {£NXcd)PaPb + XXab 

- ^XacX\ + ^DaD,N - Kk{R^£^Xcd - XcdX^ + ^D,D^N) . (2.12) 

Here TZab is the Ricci tensor and TZ the intrinsic scalar curvature of Da, and £n denotes 
Lie derivative along the unit normal vector field N°‘. Comparing the various 3+1 parts 
of fl2.9p with fl2.1Up . fl2.1ip and fl2.12p . respectively, and using the definitions, equations 
fl2.6p - fl2.8p and the fact = —h°‘^'^ab, we find 


n ^ 16h“'’Tab + 6$, 

(2.13) 

P^N’^'^ad ~ 0, 

(2.14) 

Rab ~ PaPb^cd + ZihabR'^'^cd + 2^hab- 

(2.15) 

Comoarins: 112.15p with (12.61). bv (12.81) we obtain that 


Fs 1 1 

W- lini (0“^Xab) ~ -{Rab - ^Rhab) “ -^hab- 

(2.16) 

Note that the first term on the right is just the Schouten tensor of the (three 
Riemannian geometry {J^^,hab)- 

dimensional) 
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2.2.2 Consequences of the Bianchi identity 

By Einstein’s eqnations and the assumption on the asymptotic form of the physical 
energy-momentum tensor, the Schouten tensor of the (four dimensional) physical space¬ 
time is 


Sab ■= -{Rab - ^Rgab) = ^^{Tab “ ^Tgab) - (2.17) 

Hence, by the dehnition of the Weyl tensor and the conformal rescaling formulae, the 
contracted Bianchi identity for the physical curvature tensor yields 

0 = VaC\ad + ^ {VAb - VAb) (2.18) 

= aC^bcd — 12 ^ (Val2)C'“fecd + — VdTcb) — -xSt{^gbdS^cT — gbc^dT) 

- x[TbcVd^ - TbdVA - ^xATd"" - gbdTcAe^ + ^^xT^Vd^ - Qbd^A- 

Multiplying this equation by 12 and evaluating it at 12 = 0, we obtain (Val2)C'“f,cd ~ 0, 
which is known to imply Cabcd ~ 0 [12]. Thus we can write Cabcd = ^Kabcd for some 
smooth tensor held Kabcd on M. Substituting this form of the non-physical Weyl tensor 
back into fl2.18p . we obtain 


2flV°'Kabcd — >^^AdTcb — cTdb) + ->i^{gbd^ cT — gb(N dT) (2.19) 

+ 2x[TbcK/d^ - 77dVcl2) -h x{gbcTd'' - gbdTcAe^ + xT{gbdVc^ - 5'bcVrfl2). 
Evaluating this at 12 = 0 and then contracting with and respectively, we obtain 

TbcPlN^ ~ 0, TcdPAb - 0. (2.20) 

The hrst of these has already been derived in [TT| (in the presence of a negative cos¬ 
mological constant). Therefore, the asymptotic form of the various 3+1 pieces of Tab 

is 


r,i, 7 V“iv' = z/ + i 2 /i, TbcPA" = ^Ja, TcdPAb^ = nTab, (2.21) 

for some smooth u, /i, Ja and Tab on M. However, these quantities are not quite in¬ 
dependent, because they should satisfy the local conservation law VaT°'b = 0. Next we 
evaluate the consequences of this restriction. 

By the conformal rescaling formulae and the asymptotic form of the energy-momentum 
tensor we have that 


0 = n-Aaf\ = nVaT\ - Vai2(T% - t 6 ^). (2.22) 

(It might be worth noting that the contraction of this equation with NPj^ and NN^, 
respectively, yields TabN°‘Pl ^ 0 and TabK^ ~ 0. The former is just the first of fl2.2UI] . 
but the latter is only the trace of the second.) Then substituting fl2.2ip into fl2.22l) and 
contracting with and Pj^, respectively, and evaluating the resulting equations on 
we obtain 
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/i + ^ ^ -{£NJb)Pa, (2-23) 

where, by fl2.5p . we used DaN = 0{Q‘^). Thus, if u were constant in time at (e.g. 

when the whole physical energy-momentum tensor fell off as in which case u itself 

would be zero), then by the first of fl2.23p the order part of the physical energy- 
momentum tensor would be asymptotically trace-free. 

Taking into account fl2.2ip . equation fl2.19p can be rewritten into the form 

2V°'Kabcd = dTcb — cTdb) + -x:{gbdS cT — gbc^dT) + x— (^Nb[JdNc — JcNd) 

+ {hbdJc — hbcJd) + ‘^{^bdNc — ^bcNd) — {hbdNc — hbcNd)^ . (2.24) 

Recalling that the electric and magnetic parts of the rescaled Weyl tensor Kabcd are 
defined by £ab ■= KacbdN’^N'^ and Bab ■= iKacefS""^bdN^'N^^, respectively, from (I2.24|) we 
obtain that 

D‘^Sab = Pye{K\fdN^N'^)P,^ = {V'^Kacfd)N^N‘^P^ - N^KacdfX^Pi 

^ ~ “ N^^KacdfX^Pi + ^xf2(-/x(AlniV) 

+ (D“lniV)S,, - ‘^-Dbg. + 2J“x,, + + N^{VaJc)Pb) 

~ —x\/7ij3Jb — -xDbV (2.25) 

o 


D-Bab = P^Vh{\K\ade^\^mNf)P^ 

= \{V^Kaecd)e^\fN^Nf - ^KaecdS^^fgX'^^N^P^ - {D^\nN)Bab (2.26) 

= ^xQ{x£Ead - DaJd)e^^afNf + KacefS^^daPb^ - {D^lnN)Bab ^ 0 , 

where we used that DbN ^ 0 and Xcd ~ 0. fl2.25p shows that, in addition to Jb, the 
gradient of the slow fall-off (i.e. 12^ order) part u of the energy density also contributes 
to the divergence of the electric part of the rescaled Weyl curvature. An analogous term 
on the right hand side of equation (10) of [TT] should also be present. 

Finally, by the definition of the Weyl tensor, equations fl2.10p - fl2.12p and the analogous 
decomposition of the Riemann tensor. 


PefghPaPb PcPd = Pabcd + XacXbd “ XadXbc, (2.27) 

PefghN'^Pb PcPd = DcXdb “ DdXcb, (2.28) 

PefghN^N^Pb Pd = Pb Pd{P NXac) — XbeX^d “ Dbttd + ttbUd, (2.29) 


and of the scalar curvature. 




















( 2 . 30 ) 


R = n + 2h^\£NXab) + x' - 3Xa6X“' + ^DaD^N, 

we can determine the explicit form of the electric and magnetic parts of the Weyl tensor 
themselves, Eat '■= Cacbd.N^N’^ and Bab '■= \Cacef^^^bd.N^N'^i respectively. We obtain 


Eab — 2 (yPaPb NXcd) — Pab — XXab + J^DaDbN 

-lhab{P'^£NXcd -n-x' + (2.31) 

Bab = {DaXdia)£%, (2.32) 

where Sabc '■= N^^eabc is the induced volume 3-form on T-Lq. In the rest of the paper, we 
need the explicit form of Bab = ^~^Bab at only, for which, by fl2.16p . we obtain 



where Yab is known as the Cotton-York tensor: Its vanishing is known to be equivalent 
to the local conformal flatness of (J^"*", hab)- 

If the physical energy-momentum tensor T^-b falls off purely at order then by 
fl2.2ip this matter is a dust, and by the hrst of 02.231) the rescaled energy density u = 
n-^TabN-N^ is asymptotically constant. In particular, in the dust hlled FRW spacetime 
with positive A this u is just the conserved hrst integral of one of the two Friedman 
equations. 

On the other hand, if T^b = ^"^T^b (he. there is no order term in T“b), then by 
the hrst of 02.23p is asymptotically trace-free, which is a characteristic property of 
conformally invariant (e.g. Maxwell or Yang-Mills) helds. For example, in the radia¬ 
tion hlled FRW spacetime with positive A theenergy-momentum tensor is trace-free, the 
energy density and isotropicpressure with respect to fall oh as 0“^, and the momentum- 
density Ja is vanishing, being compatible with the homogeneity of theisotropic pressure 
and the energy density, just according to the second of fl2.23p . Thus, the existence of a 
(spacelike) restricts the form of the matter helds near 


3 On the Penrose mass at 

If iS is a closed, orientable spacelike 2-surface in M, then for any smooth symmetric spinor 
held we can form the integral of the complex 2-form u^^RABcd on <S, where RABcd 
is the anti-self-dual part of the physical spacetime curvature tensor. However, even in 
the de Sitter spacetime this integral diverges if we allow the 2-surface to tend to a cut of 
Therefore, to get hnite value, it seems reasonable to use in the charge integral the 
‘renormalized’ curvature 


RABcd RABcd — -Eea{C^D)b£C'DA (3T) 

rather than RABcd- (Clearly, RABcd is the anti-self-dual part of the renormalized curvature 
tensor Rabcd ■= Rabcd - \K9acgbd - gaddbc)-) Then by the dehnition of K^bcd and the 
Weyl tensor, Einstein’s equation and the conformal rescaling formulae, the corresponding 
complex 2-form is 
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U^^RABcd- [Rabcd ^A{9ac9M 9ad9bc)) 

2^ ^ ^ijjacTbd 9adfbc^ “1“ 9ac9bd^ 

2^ ^ ^-^afecd ^(^9acTbd fi^ad^bc) “1“ '^^T9ac9bd^ • 

Thus the cosmological constant has, in fact, been canceled, and the expression on the 
right is well defined and has a finite integral on any closed spacelike 2-surface in M, even 
on a cut of 

Hence, let iS be a closed orientable 2-surface in J^~^, and denote its outward pointing 
^^aft-unit normal in by l/“. Then, by the fall-off properties fl2.2ip of the various pieces 
of Tab and the definition of Sab and Bab, we obtain 


A [was] : = 




=-Ij) w 

K 


U^^RABcd 


{{NaB,a - N,Bac)V^ + eabc{-xyV^ + S<^dV^)yS. (3.2) 


Therefore, a general charge integral of the curvature is built from Sab, Bab and the slow 
fall-off (i.e. order) part u of the energy density. 

If D C is an open domain with compact closure such that dD = S and the spinor 
field ujab is well defined on D, then, by equations fl2.25|) and fl2.26p . the charge integral 
A[wab] can be rewritten as a 3-surface integral on D. In fact, if 


then 


CDC'D’ 


Qab ^Sabcdu: e 


—iUAB^A'B', 


1[u:ab] = I jjyDaQab[N\^xvh^^ + S^^) - - x\I^QabN^J^Y'H,. (3.3) 

Here d^fo is the induced volume element on , and we extended the action of the 
intrinsic derivative operator from purely spatial tensors to arbitrary ones on by 
= 0 . 

It is known that on a spacelike hypersurface that can be embedded with its first 
and second fundamental forms into some conformal Minkowski spacetimes the 3-surface 
twistor equation admits four (i.e. maximal number of) linearly independent solutions |23| . 
In particular, since is extrinsically flat, this embeddability is equivalent to the local 
conformal flatness of , hab)- Thus, in the special case when its Cotton-York tensor is 
vanishing, Yab = 0, the (already Riemannian) 3-surface twistor equation, D(^ab^c) = 0, 
admits four linearly independent solutions. Here Dab ■= V^Nb^'Daa' = D(^ab) is the 
unitary spinor form of the intrinsic Levi-Civita derivative operator. These solutions are 
globally defined on D if D is homeomorphic to the 3-ball. Then, a direct calculation shows 
that N°'Qab is a (complex) conformal Killing field on D if uab is a linear combination 
of symmetrized products X^aIJ'B) of solutions of the 3-surface twistor equation. (The 
result that N°‘Qab is a conformal Killing vector was proven in the A < 0 case by Kelly 
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ca by considering the conformal boundary to be embedded in a conformal Minkowski 
spacetime as a hyperplane and using the solutions of the 1 -valence twistor equation of 
that spacetime.) 

Since, however, Bab = on , by 03.31) for such spinor helds it is only v 

and Ja that contribute to the integral even if 8ab 7 ^ 0. In particular, for the Maxwell (or 
Yang-Mills) held it is only Ja that contributes to A[A(A/rn)] but its energy density does 
not; while in vacuum A[A(A/rn)] is zero even if £ab 7 ^ 0. For example, in vacuum spacetimes 
with metric of Starobinskii form PI and intrinsically conformally hat the electric 
part of the rescaled Weyl tensor is not zero, but the charge integral with spinor helds 
solving the 3-surface twistor equation on a contractible D is vanishing. Such an exact 
solution is the vacuum Kasner solution with positive A (see [25], Sect. 13.3.3). 

It is known that if Aa is a solution of the 3-surface twistor equation on a spacelike 
hypersurface, then its restriction to a 2 -surface in this hypersurface solves the 2 -surface 
twistor equation [23]. Thus by the general results above, when {^~^,hab) is intrinsically 
locally conformally hat, the matter held is conformally invariant and its local energy 
how is vanishing asymptotically (i.e. Jq ~ 0), then the Penrose mass is zero even if the 
rescaled conformal electric curvature Sab is not. Therefore, the kinematical twistor (and, 
in particular, the Penrose mass) does not have the rigidity property: Its vanishing does 
not imply the triviality of the spacetime geometry, i.e. actually that the past domain of 
dependence of D is (locally) isometric to the de Sitter spacetime. 


4 Energy-momentum based on the Nester—Witten form 

Another strategy to associate energy-momentum to 2-surfaces in might be based 
on the use of the integral of the Nester-Witten 2-form. In fact, this formalism was 
successfully used to give a unihed spinorial reformulation of the ADM and Bondi-Sachs 
energy-moment a in asymptotically hat spacetimes [26], and of the Abbott-Deser energy 
in asymptotically anti-de Sitter spacetimes 123. Moreover, probably the simplest proof of 
the positivity of these energies is given in this formalism. Therefore, it seems natural to try 
to introduce energy-momentum in this manner in the presence of a positive cosmological 
constant, too. 

4.1 The Nester-Witten form and the Sen—Witten identity 

In the present subsection we work exclusively in the physical spacetime, but, for the sake 
of simplicity, in this subsection, we leave the ‘hats’ oh of the quantities and objects. 

Let S be a spacelike hypersurface in M which extends to a hypersurface-with-boundary 
in the unphysical spacetime intersecting in a smooth 2 -surface homeomorphic to 
(a cut). Let denote its future pointing ^fab-unit timelike normal, := 6^ — tHb is the 
(/afe-orthogonal projection to S and hab '■= PaPbQcd is fhe induced metric. (Although we 
use the same symbols and hab, and Xab below for the extrinsic curvature, they should 
not be confused with those introduced on the D = const hypersurfaces in section [ 21 ) 

For any pair Aa, /^a of spinor helds the general Nester-Witten form is dehned by 

AA'^b)- (4.1) 

Then the components of the energy-momentum 4-vector associated with a closed ori- 
entable 2-surface S, which in the present case is the cut of the conformal boundary, will 
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be defined by its integral, 


H[X,fl] (4.2) 

for spinor fields and jj,^ belonging to some appropriately chosen two dimensional 
subspace Sa C of the infinite dimensional space of the smooth spinor fields 

on S. Thus, the boldface index is referring to this (still not specified) two dimensional 
space of spinor fields. Since a basis in this space is a pair of spinor fields, Aa = (Aq , A^), 
the boldface index can also be considered as a name index, too, taking numerical values: 
A = 0, 1. It is a simple calculation to show that this integral, as a bilinear map H : 
Sa X Sa' —^ C, is Hermitian in the sense that H[\, p] = H[n, A] for any A"^, G Sa, and 
overline denotes complex conjugation. However, by the so-called polarization formula, 

H|^A,/ij = — |^A-|-p, A -|- /ij -\-iH |^A-|-ip, A -I- ipj—(l-|-i)i^^|^A, Aj—(l-l-i)i^(4.3) 

the bilinear form H[X, p] is completely determined by the quadratic form H[a, a] on Sa- 
Moreover, it would be enough to prove H[a, d] > 0 for any G Sa, because this would 
already imply that H as a Hermitian bilinear form is positive. 

The standard Witten-type spinorial proof of the positivity of the total energy is based 
on the integrated form of the Sen-Witten identity on a spacelike hypersurface E whose 
boundary dH at infinity is the 2-surface S in question (see e.g. |28)): 

® u{a,a)cd= / B{a)dE, 

JdT. JT. 

where a a is defined on E and 


B{a) := [VA>B<y^){'BAB'a^') - ^ua') - ]^t°‘GaBB'a^Oi^'■ 

Here Pa := Pa'^b is the derivative operator of the so-called Sen connection, and, in terms 
of the intrinsic Levi-Civita derivative operator and the extrinsic curvature Xab-, its 
action on the spinor field is given by T>eC(^ = — Xe^A't^ bo^^■ However, by 

Einstein’s equations in the presence of a cosmological constant the last term on the right 
contains , whose integral on an infinite E is a priori diverging for spinor 

fields for which tAA'Oi^A^' does not fall off appropriately (e.g. when the spinor fields tend 
to a nonzero asymptotic value), independently of the fall-off properties of the matter 
fields. Therefore, we must ‘renormalize’ the derivative operators in our integrals. 

Thus, following 123, for any pair {aA,l3A') of spinor fields (or, equivalently, a Dirac 
spinor 4/“ with Weyl spinor constituents and and with a = A® A') we define the 
renormalized spacetime connection by 

^AA'OiB ■= AA'C^B + K^Ab/^A', ^AA'/^B' ■= AA'Pb' + K^A'B'^A, (4.4) 

for some complex constants K and K. It is a straightforward calculation to show that 
the curvature of Ve, acting on the bundle of Dirac spinors, is just the direct sum of 
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R^Bcdi given by fl3.1l) . and its complex conjugate R^'B'cd precisely when QKK = —A. 
The corresponding renormalized Sen connection on the spacelike hypersurface S is 

RAA'OiB '■= RaA'C^B + KPaA' RaA'^B' '■= RaA'I^B' + KEo'B'OlD- (4.5) 

Denoting by tilde the quantities built from the renormalized connection fl4.4p . the Nester- 
Witten form is 


u{a, a)ah = u{a, a)ab + iKsABaiA'I^B'), m (/ 3 , l^)ah = m(/?, /^)afe + iKeABa{A'f3B')- (4.6) 

Note that here u{a,a)cd already depends on and u(/3,/3)cd on ua, too. Then, a 
straightforward calculation yields that 

(f {u{a,a)ab + u{/3,P)ab) = [ (B{a) + B{/3) (4.7) 

+3{K + [kaA^A' + k(3A^A') 

—2{K + k)k'^ ^ {Pa'RAB'^D' + jdS, 

where dS is the natural volume element on S, and B{a) + i?(/5) in terms of Dg is 

B{a)+B{P)=-k^'h^f{i^eOlA)(PfaA') + {VePAKVfM) 

+ ^xf“Tab(a^d'®' + 13^13^') 

+ ^(A - QKK)tAA>l3^^^' + liR- Qkk)tAA'(y^a^' 

— iy{VAiBCtD){R>AB'^D') + {'Ra>b(3d) {'Rab'/3d')'^ 

+ 4 (^K(3A'k''^e^'^' ipAB'^D') + kPAk'^'e^^ pA'BOiD) 

pkaAk^'e^^ {'Da'b(3d) + kaA'k'^e^'^' Pab'Pd') ), (4.8) 

where we used Einstein’s equations. 

Next, following IZ7I, we require the spinor helds cta, (3a on S to solve Witten’s gauge 
condition (with still unspecihed boundary conditions) with the renormalized connection; 

E^^VA'AOtB =0, E^^ PaA'/^B' = 0. (4.9) 

In this gauge the last three lines of fl4.8p and the third line of fl4.7p are vanishing, and 
hence the integral of the renormalized Nester-Witten forms is 


( (u{a,a)ab + u{f3,(3)ab'j = j {{VeaA){'DfaA') + {Pe(3A){Pf(3A')) 

+ ^>cPTab{a^a^' + (3^(3^') 

+ ^(A + Qkk)tAA'f3^P' + ^(A + 6Kk)tAA'a^a^']dE. (4.10) 
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To kill the last two (a priori diverging) terms of the integrand, we should require that 
6KK = —A, just the condition that we already obtained above. A particularly convenient 
choice (that we make) is that K = K and QK^ = —A. Then, if the spinor fields solve 
the renormalized Witten type gauge condition fl4.9p and the matter helds satisfy the 
dominant energy condition, then the integral of the renormalized Nester-Witten form is 
non-negative, and not a priori diverging. 

Since A is positive and hence K is imaginary, by 114.6p n(a, a)ab+u{l3, P)ab = u{a, a)ab+ 
u{/3,/3)ab holds. Thus, under the same conditions, the left hand side of 114.lOp would be 
hnite even if it were built from the ‘un-renormalized’ connection. We use this observation 
in subsection 14.61 

Our aim is to hnd the boundary conditions for the spinor helds and (3a on the 
cut of the conformal boundary such that (i.) the renormalized Witten type gauge condi¬ 
tions 114.9p admit a non-trivial solution on the spacelike hypersurface with the cut as its 
boundary, and (ii.) the resulting integrals could be interpreted as the components of a 
hnite, real energy-momentum 4-vector, or at least could yield an invariant that could be 
interpreted as the mass. 

The hniteness of the energy-momentum 4-vector can be ensured by the requirement 
that the integral of the various terms on the right hand side of 114. lOp be hnite. In 
particular, we need to specify the fall-oh properties of the physical energy-momentum 
tensor, the induced metric and the extrinsic curvature on the hypersurface S. We carry 
out these investigations in a coordinate system near the asymptotic end of S that is 
analogous to the Bondi type coordinates in asymptotically hat spacetimes. 

4.2 Bondi type coordinates near 

Let iS := S n ~ the cut of the future conformal boundary dehned by the hy¬ 
persurface S, and let iS„, u G (—1,1), be a foliation of a neighbourhood of S in by 
smooth topological 2-spheres such that Sq = S and u is increasing in the inward direc¬ 
tion. We dehne the lapse n of this foliation in the usual way by 1 =: —nV^VaU, where 
l/“, as in section |3l is the outward pointing unit normal of the surfaces Su] and introduce 
the ‘evolution vector held’ by {d/duY := —Thus, in particular, its shift part will 
be chosen to be vanishing. Let = {x‘^,xY be a local coordinate system on Sq ~ 3“^ 
(e.g. the (CjC) complex stereographic or the ( 0 , 0 ) angle coordinates), and extend them 
from So to the other surfaces of the foliation by V^VaX^ = 0. Thus we obtained a local 
coordinate system {u,xY on a neighbourhood of S in . Since the shift part of the 
evolution vector held was chosen to be vanishing, the metric induced from pab on fhe 
conformal boundary (‘boundary metric’) takes the form dt? = —A^du^ -|- q^^dx^dx^, 
where A = A(m, xY is a strictly positive function and = q^u{u, xY is negative dehnite. 
The freedom in the dehnition of this coordinate system is to choose a diherent foliation 
Su in a neighbourhood of S, e.g. by the level sets of a new function u := iLu, where H is 
some strictly positive function on this neighbourhood, and to choose diherent coordinates 
(x^, xY on S. 

Next we complete (n, x^) to be a local coordinate system on a neighbourhood of the 
‘asymptotic end’ of S in M. Thus, let us hx (u, x^) and let Mu denote the past directed, 
ingoing null hypersurface emanated from the 2-surface Su- In a neighbourhood of 
this is smooth, generated by past directed ingoing null geodesics 7 with future end points 
on Su with coordinates x^, and yields an extension of u from to a neighbourhood 
of in M. Let us dehne := g°'’^'VbU, which is a future directed null normal of the 
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hypersurfaces Mu and, by IMJb = IMda = 0 , it is a tangent of the affine parametrized 
null geodesic generators 7 . Let w denote the affine parameter measured from Su, and 
hence we write = —{d/dw)°'. (Note that w is decreasing in the future direction.) Then 
the coordinates of a point p in a neighbourhood of Sq in M are defined to be n, w and 
ii p = 7 (tc) and the coordinates of the future end point of 7 on are {u,x^). The 
resulting coordinate system {u, w, x^) is analogous to that used to analyze asymptotically 
flat spacetimes near their future null inhnity (see e.g. ESI). 

Since by the dehnitions = {f2 = 0} = {w = 0} holds and is smooth, we can 
write that = aw + bw"^ + O(tc^) for some functions a and b on where a is positive. 
Substituting this expression into ~ 0 (see equation f|2.3p ). we obtain 

{Vaw) {Vbo) + (Vao) (Vfetc) + 26(Vatc) {Vbw) ^ 0. 

Contracting this with {d/dwY{d/dwf and using that {d/dwY is the tangent of affine 
parametrized geodesics and that a does not depend on w, we hnd that 6 = 0 . 

However, it is only the conformal class of db"^ that is physically determined. Thus 
we can use the conformal gauge freedom Qab ^ Mpab mentioned in subsection 12.11 with 
u = a~^ to yield fl = w + 0{wY- Hence, with this choice is an asymptotic affine 
parameter in the unphysical metric along the null geodesic generators 7 even in the hrst 
two orders. Thus, we have hxed the conformal factor on i.e. the remaining conformal 
gauge freedom is the rescaling of Qab with conformal factors of the form 1 + We 

call this conformal gauge a special conformal Bondi gauge. In the rest of the paper we 
assume that in our unphysical spacetime (M, gab, fl) the conformal gauge is such a special 
conformal Bondi gauge. 

(Since the surfaces Su in are homeomorphic to 2-spheres, there exists a conformal 
factor R = R{u,xY such that q^y{u,xY = R"^{u, x^oQ^iuiu, xY, where oq^u{u,xY are the 
components of the unit sphere metric on Su in the coordinates {x‘^,xY- However, note 
that although oq^^Mx^dx'^ is a unit sphere metric, its components oq^u take some simple 
special form, e.g. diag(— 1 , — sin^ 0 ) in the angle coordinates, only on a single surface, 
e.g. on So- In fact, {x‘^,xY were specihed freely only on Sq, but their extension to the 
other surfaces was hxed essentially by the requirement of the vanishing of the dudx^ 
components in the line element db"^. Hence, in general, the components Qq^^ of the unit 
sphere metric depend on the coordinate u, too.) 

In the coordinate system {u,w,xY, 


9oi ■= 9{^, = -{^y^aU = -1, 

^ou aw ^ 

ow ow 

Thus, in these coordinates, the form of the conformal metric is 

ds^ = 9 oodM — 2du dw -|- 2gof^du dx^ -|- 9 ^MM dx'' 
Comparing its pull back to = { w = 0 } with we see that 


(4,11) 


SKI + 41^ 90 ^, = 0{w). 


(4.12) 
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The contravariant form of the unphysical metric is 


/ 0 -1 0 \ 

= I —1 —goo + g'^^guo9po j , (4-13) 

V 0 g^^Pg,o g^'' j 

where g^^ is the inverse of the 2 x 2 matrix g^^, i.e. defined by g^^gpu '■= 5^- Since 
A/3 ~ (Var2)(V“r2) holds by equation fl2.4p . the component g^^ of the conformal metric 
is asymptotically constant: g^^ = |A + 0{w^). Comparing this with fl4.13p and taking 
into account that g^o = 0{w) (see equation fl4.12p i we find that 

= jA, = - jA + 0(uA). (4.14) 

Moreover, contracting 0 ~ ~ VaV^tc with the various coordinate vectors, for 

the Christoffel symbols we obtain that T^^ = 0(w), where a, 6 = 0, ...,3. (N.B.; = 0 

identically, because the generators of A// are affine parametrized geodesics.) In particular. 


0(w) — 2 rQ^ — —d^goo — g^^digop + g^^{—dpgop + 5o5'pp + ^p9op) 

= ~^digop + 0{w), (4.15) 

0{w^ pu ^ogpu 9pgoiy dj^gop g dig^u T g dpg^i, T dp^gp^, T d^gpp^ 

= dogpu - ^Adigpu + 0{w). (4.16) 

The first implies that dig^p = 0{w). To evaluate the second, let us write g^^, = + 

'PpvW + 0{w‘^), where = rp^{u,xP) (see equation fl4.12p b Substituting this into fl4.16p 
we find that dog^i, = |Ar^j,. Thus, from five of the equations 0 we obtain that 

3 

gop = 0{w‘^), gp^ = Qpu + j^{doqpu)w + Oiw"^). (4.17) 

Equations (I4.14p and fl4.17p provide a refinement of the fall-off properties fl4.12D . The 
second of (I4.17P implies that g^'' = -|- ^{dQqP‘'^)w + 0{w‘^)^ where is the inverse of 

qp^. The remaining components of ~ 0 do not yield any further restriction on 

the asymptotic form of the metric. 

Introducing the new coordinate r := 1/w, the asymptotic form of the physical space- 
time metric = VL~‘^ds^ is 

ds^ = — -Ar‘^dv? + 2du dr + {qp^ + — [doqp^) - j dx^'dx'^ 

+ 0{l)du‘^ + 0{—)du dr + 0{l)du dx^ + 0{l)dxP‘ dx'". (4-18) 

In particular, the metric of the de Sitter spacetime also has this form. To see this, first 
let us rewrite the line element of the Einstein universe, ds\ = — df^ — sin^rdcn^, in 

the new coordinates 

(r-f), w.= 
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(Here tq is some constant and := + sin^ 9d(l)^ = 4(1 + CC)~‘^d(d(, the line element 

of the unit sphere metric in the angle and the complex null coordinates, respectively, and 
f G [0, tt], r e R.) We obtain 


ds g — 


-Kdvr — 2du dw — sin^ 



- To + 





—Adu^ — 2du dw — sin^ 

0{w^), 




w 


which has the expected asymptotic form near the w = 0 hypersurface. Thus, to see that 
the de Sitter metric has indeed the form fl4.18p . it is already enough to recall that the de 
Sitter spacetime is conformal e.g. to the —7r/2 < r < 7r/2 part of the Einstein universe. 
Its future conformal boundary = {r = 7r/2} coincides with the tc = 0 hypersurface 


precisely when tq = 7i/2, 
to the f = 0 origin, the f 
the conformal factor is 


in which case u = y ff, 0 and — 

= 7r/2 maximal 2-surface and the f 
^sin(r 7r/2) = ./f sin(7r - 


I correspond, respectively, 
= 71 anti-podal point; while 
3. 


w 


) = w + 0{w^). 


4.3 The Newman—Penrose tetrad 

Let Su,w denote the w = const topological 2-sphere in the null hypersurface Afu, and adapt 
a Newman-Penrose (NP) complex null tetrad {/“, n", m“, m“} to these surfaces: First, 
recall that is an outgoing null normal to Su^w, and let us choose to be the future 
pointing ingoing null normal and normalized by n^la = 1; and let us choose to be a 
complex null tangent to Su,w, 'rn°‘ to be its complex conjugate and they are normalized 
according to m°'rha = — 1. This basis is fixed up to the change for any real 

function a of the coordinates. Since la = 'VaU, rfla = 1, mAVaU = 0 and mAVaW = 0, 
the vectors of the tetrad have the form 


d 




n 




'dw' 


d 

dx>^ 


d 


)“. ( 4 . 19 ) 


for some functions B, and of the coordinates. Here B is real and, if are 

complex, then holds. Comparing = BrA + — rh°‘m^ with fl4.13p 

we see that 


B = + 0(w^), = -g^'^Qpo = 0{w^), + D>^D'' = g^A (4.20) 

Since the future pointing unit timelike normal of is iV“ = — sj?>/ Ag^-^V hW, its con¬ 
traction with la is constant on the whole N°'la = a/ 3/A. This implies that on 


la = 




(4.21) 


Thus, the real null normals la and Ua of the 2-surface S are boosted with respect to 
^(W ± Va), the ones built from the timelike and spacelike normals symmetrically. 
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Hence, we adapt our normalized GHP spinor dyad {o^, to the un-boosted null nor- 
mals -^{Na ± Va), i.e. = ^A/6/“, = a/6/A?7,“, o^l^' = m“ and = ffp. 

Also, we define the GHP spin coefficients /5^ in this un-boosted frame, rather than in 
{/“, n“, m“, m“}. 

To find the asymptotic form of the spin coefficients in the physical spacetime, we 
conformally rescale the tetrad {/“, n“, m“, m“}. Since, however, neither /“ nor is dis¬ 
tinguished physically over the other, we rescale them, and the spinor dyad also, symmet¬ 
rically: 


P = n-^P, (4.22) 

(4.23) 


These imply the general formulae how the various GHP spin coefficients change under 
such a symmetric rescaling: 


k = Q,k, 
a = PLa, 

p = Ptp + o'^d'^'V aPt, 

T = Pt + 0^1"^ VaG, 

(3 = PI3- 

d = Ge — \o^d^'V aP: 


k' = Pk' , 
a = Pa', 

p' = Pp' + L^^'WaP, 
r' = Pr' + L^d^ VaG, 

/ 3 ' = Pp' - ^L^d^'VaP, 
s' = Pe' - Kh^'VaP. 


Since P is a gradient and is hypersurface orthogonal, certain GHP spin coefficients 
take special value: k = 0, p = p, p' = p', e -t- k = 0 and t = (3 — /3' hold. In addition, by 
(ITAni at Jk+ 

a{0BdB') + j a^b = 0, 

whose contraction with the various tetrad vectors yields that 


H, t', t = I3 — I3', a'+ a, p' + p = 0{w). 

Hence, by G = 1/r -|- 0(l/r^), the asymptotic form of the GHP spin coefficients in the 
physical spacetime is 
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k = 0, 

=o(^), 

(4.24) 

<5- = -a° + 0(4), 

d' = --d° + 0(4), 

(4.25) 

^=- 1 /^+ + 0{—), 

\ b r 

/3' = -\/4-V + o(4). 

\ b r 

(4.26) 


= o(^), 

(4.27) 

v+o(4)> 


(4.28) 


E-E = 7'^° + 0(^)- 

(4.29) 


e' - 1' = fs'O + 0(lj), 

(4.30) 


where cr° and are complex, while and e'^ are real functions on . The hrst 

three of them are linked to the intrinsic geometry of the conformal boundary. In fact, 


0 ^ 
a = —;=m 

\/2 


“(VaH) 


m 




(VaH) 


m 


= —m' 
2 


'(Vamfe) 




(4.31) 


represent, respectively, the trace-free part of the extrinsic curvature of the 2-surfaces Su 
in the trace of this extrinsic curvature, and the rest of the connection 1-form of the 
intrinsic geometry of . On the other hand, on 


e'^ = (4.32) 

which specify how the complex null vectors and are extended off the confor¬ 
mal boundary. Since, however, the complex null vectors and rh“ are hxed only up 
to the phase transformation m“ 1 —)■ exp(ia)m“ with an arbitrary smooth function a = 
a{u,w,x'^), the functions and can be chosen to be vanishing on . In fact, since 
on a neighbourhood of they are given by fl4.32|) up to 0(f2) terms, under such a trans¬ 
formation they change according to 1 —)■ and e'^ 1 —)■ 

Thus, if a is chosen to be 


nr rw 


a{u,w,x^) =2^ — J e^[u,w',x'^)dw', 

then the new in the transformed frame is vanishing even on a neighbourhood of . 
The NP frame is still not hxed, phase transformations of the complex null vectors with w- 
independent phase are still allowed. Thus, if this phase in such a further transformation 
is chosen to be 


a{u, x^') = 2 


e'^{u', 0, x^)du', 


then the new in the transformed frame is vanishing on jr~^. Therefore, the and 
in fl4.29p and fl4.30p . respectively, can be chosen to be vanishing. Note also that, by the 
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first of fl4.29p . r is not an affine parameter along the null geodesic generators of the null 
hypersurfaces Afu in the physical spacetime. 

4.4 The asymptotic properties of the geometry of E 

To determine the asymptotic form of the solutions of the renormalized Witten equa¬ 
tion, and also to hnd the appropriate function spaces in which the renormalized Witten 
equation can be proven to admit a solution, we need to know the detailed asymptotic 
structure of the spacelike hypersurface S. Thus, suppose that in a neighbourhood of 
in M the hypersurface S is given by u — U{w,x^) = 0 for some smooth function 
U oi w and where, by S fl = iSq, 17(0, = 0 holds. (More generally, a 1- 

parameter family of spacelike hypersurfaces that intersect in the 2-surfaces 
with u = t is given by the level sets t := u — U{w,x^) = const.) Hence we can write 
U{w,x^) = Ww + 0{w‘^) for some smooth function W of the coordinates x^. Since E 
is spacelike (even at and the hypersurfaces Mu are null, the u coordinate along S 

must be increasing with increasing w, and hence W must be strictly positive. Since the 
components of the normal of S in the coordinate system (n, ta, x^) are (1, — 
its norm is |Tep := g°‘^TaTb = + 2W + 0{w), its scalar product with the unit normal 

of the = const hypersurfaces is iV“Ta = -y/f (1 + \JAW) -|- 0(w), and the function W is 

completely determined by |Tep on . Note that E would be asymptotically null (e.g. 
the null hypersurface A/q itself) precisely when W were vanishing. Then it is straightfor¬ 
ward to derive the asymptotic form of the induced physical metric hab = Vt~'^hab on E. It 

is 

dh^ = —^^|Te|^ -I- (9(-)j(ir^ -|- 0{-)drdx^ -|- r‘^{q^iv + O(-) 

If |Te| (and hence IT, too) were constant and were the unit sphere metric, then this 
would be just the asymptotic form of the standard hyperboloidal metric 

\TeV + f 

with constant curvature (and curvature scalar TZ = —6/|Tep). Therefore, the induced in¬ 
trinsic metric on E is some ‘deformed’, or asymptotically hyperboloidal one, characterized 
asymptotically by the function W and the 2-metric in which r is an asymptotic areal 
(rather than a radial distance) coordinate. The function W plays the role of the local 
boost parameters, characterizing the relative direction of the normal of E with respect 
to that of at . 

However, it seems useful to rewrite the induced metric in a slightly different, intrinsic 
coordinate system on E. Thus, let us foliate the asymptotic end of E by the level sets of 
the conformal factor, iSq := E fl {f2 = const}. In general, for > 0, these surfaces do 
not coincide with any Su^w '■= Mu H {tc = const}, but in the —)■ 0 limit —?■ iSq C . 
Let Va '■= the gab-unit normal to iSq which is tangent to E, where '■= 

—g°'^{DaM){Db^). This points ‘outward’ to the conformal boundary, and the lapse n 
of this foliation, dehned by 1 =: is just h = 1/\DM\. 

Let us complete this v°‘ to be a frame held {n“, M“, M“} on E. Here and are 
complex null tangents of the surfaces iS^, orthogonal to and normalized with respect 
to gab by M'^Ma = —1. A simple calculation yields that the gab-unit normal to E and the 
vectors of this frame held on E are given by 
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(4.33) 


^ ((1 + \hW)r + +0{w), 

v<^ = ^^[{l + ^KW)r-Wrf^+0{w), (4.34) 

M“ = exp(ia) m“ + 0(w) (4.35) 

with an irrelevant phase a, which will be chosen to be zero. By means of the last two it is 
straightforward to give the explicit form of the projection = —v'^Vb — M°'Ma — M°'Mb = 
—v°‘Vb — m°‘fha — m°‘mb + 0{w). By fl4.34p . fl4.19p and fl4.20p the integral curves of 
(with parameter w) in the coordinates {u, w, x^) are 

u{w) = —-^ti}+(9(u)^), w{w) = —-^w+0{w‘^), x^{w) = x'^{0)+O{w‘^); (4.36) 

and their end points on are at w = 0. Hence these integral curves define a diffeomor- 
phism between Sq and the surfaces Sq. Moreover, w coincides with the affine parameter 
w in the first order up to a scale transformation (though this scale factor depends on the 
coordinate x^ of the end point of the integral curves on Thus, the coordinates x^ 

of the end points of the integral curves can be extended from Sq to the whole asymptotic 
end of S by v°‘DaX^ = 0 with the initial condition x^ ^ x'^. By the third of fl4.36p 
x'^ = x^ + 0{w‘^). Therefore, {Q,x'^), or rather {r,x^) with r := l/ff, form a coordinate 
system on the asymptotic end of S. The radial coordinate f coincides with r in the first 
two orders: f = r + 0{r~^). The coordinate vector {d/dQ)°' is just the lapse times of the 
unit normal of the surfaces, —v°'/\De^\, with vanishing ‘shift part’. But by fl4.33p 


IDeJit = -9'^{DSi:){Dia) = -9“ + tX + O(w^) 

= - jA + ^(1 + ^AIV + 0(w)f + O(w^) = ^ + 0(w), (4.37) 

i.e. the lapse is h = |Te| + 0(w). Therefore, in these coordinates, {d/dVlY = —|Te|n“ + 
0(r2), and the asymptotic form of the induced physical metric hab is 

dfi^ = -^{\Te\^ + 0(^)jdr^ + [r^ oqfiv + 0{^)^dx^ dx'", (4.38) 

where R is the conformal factor such that is the unit sphere metric, and 

the coordinates x^ can be chosen to be the familiar angle or the complex stereographic 
coordinates in which takes the standard form of the unit sphere metric (see subsection 
14.2p . We use this form of the metric in appendix 15.21 and this form of the coordinate 
vector {d/dVtY in subsections 14.5.21 and 14.6711 In particular, the asymptotic form of the 
induced volume element on the hypersurface is dS = ri?^|Te| diSo dr, where diSo is the 
area element on the unit sphere. 

The most convenient way to calculate the extrinsic curvature of E, both in the con¬ 
formal and in the physical spacetime, is the use of the family of hypersurfaces and the 
coordinates {t,w,xY- We obtain that 

Tab = 1^(1 +-AW) haft + 0(v). (4.39) 
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Thus the physical extrinsic curvature of S is asymptotically proportional to its intrinsic 
physical metric, just like in the case of spacelike hypersurfaces extending to the future null 
inhnity of asymptotically flat spacetimes. Therefore, the leading terms in the asymptotic 
form of the metric h^b and of the extrinsic curvature Xab on the single hypersurface S are 
determined by two functions on the cut S = fl S: the boost ‘parameter’ W and the 
conformal factor R. 

4.5 The boundary conditions from the Witten equation 

4.5.1 The fall-off and the algebraic boundary conditions 

The boundary conditions of the renormalized Witten equations fl4.9p . given explicitly by 

Va'A^^ + = 0, Vaa'^^' + ^K&a = 0, (4.40) 

consist of two parts. (Here K = ±i^A/6, see the text following equation fH.lOp . Though 
the sign can be fixed without loss of generality, we leave this ambiguity in the formalism. 
All the sign ambiguities in what follows come from this ambiguity.) The first is an appro¬ 
priate fall-off condition specifying how fast the spinor fields tend to their own asymptotic 
value at inhnity, while the second is a condition on the asymptotic values of the spinor 
helds. In the present subsection we determine the hrst, and the part of the second that 
comes from the equations 04.40^ themselves. 

To hnd these conditions, we rewrite fl4.40p in the unphysical spacetime. We associate 
zero conformal weight to the contravariant form of the spinor helds, i.e. 

(3^ = (3^, and, for the sake of simplicity, we a priori assume that and (3^ are smooth 
on M. Hence we can write their components, dehned in the unphysical spinor dyad 
:= {o^, e.g. by cta := otAS^, as 

«A = = I^A + ^4'^ + (4.41) 

where the functions ..., I3^a depend only on the coordinates i.e. they are functions 
on iS = S n (The subsequent analysis shows that even a slightly less restrictive 

condition, viz. oa = Q-^a + ^^ol'a + 0(f^^^^), k > 1/2, would already be enough.) Since 
O-A = and 13a = kl~^(3A hold, by fl4.23p the components of the spinor helds in the 

physical spinor dyad = {d^, A = 0,1, have the asymptotic form 

Aa = (4°^ + f^4^ + 0(1^')), 4 = (4^ + Wa + C'(f^')) • (4.42) 

Thus, the components of the spinor helds in the physical spacetime diverge as \/h. 

In the unphysical spacetime fl4.40p takes the form 

0 = Va'aoi^ + 1^}-^ [kPa' - (VA'Af^)«^), (4.43) 

0 = Vaa'P^' + [KaA - iyAA'kiyp^'). (4.44) 

Let us recall that near = {hi = 0} the unit normal of the hi = const hypersurfaces is 
W = -44A(Vaf^)+0(fl2) 

(see equation fl2.4p L Thus, multiplying these equations by 
n and evaluating at hi = 0, we obtain 


22 
















± 1/3^' ~ —V^Na'aO-^, ±ittA ~ ■ (4.45) 

These are not independent, one implies the other. Therefore, the pair of spinor 

helds can solve (14.40^ only if the asymptotic value of one of them determines the other 
at the conformal boundary according to fl4.45p . In terms of the spinor components fl4.45p 
is equivalent to a® = ii/Sj?^ and a® = =Fi/9Q?\ Thus the two spinor helds are linked to 
each other, but they are still not specihed at the conformal boundary. 

4.5.2 The asymptotic structure of the solution 

Since by fl4.45p Kj3A' — iyA'A^)(y-^ ~ 0, we may write 


:= Ky, - iyA'A^)a^ 

for some smooth spinor held ^a' on Tf. In terms of and the renormalized Witten 
equations are 


0 = Va'aol^ + ^7a', (4.46) 

0 = nVAA'l"^' + l^'iDA'A^) + B^)VA'A^^ 

+ + i(Vbf^)(V'fi))a^ - ^yVA'A^. (4.47) 

Using the 3+1 decomposition VgH = Dy + tyvfQ and equations fl2.3p . fl2.4p and 
fl4.46p . the second of these takes the form 

0 = {D^ {Pa'aoi^ + P AA'l^ + Paa'^^ ^ (^5'6c4/ + + -‘hoA^- 

Evaluating this equation at 12 = 0, we hnd that 

v^' bPa'a^^ + ^Ta'W^'a ~ 0, (4.48) 

where Va := DaP/\Dy\ (see subsection 14. 4p . Let 11^ := 5^ — Ptb + v°’Vb = Pb + v°'Vb, the 
orthogonal projection to the 2-surfaces Sq, and dehne Aq := Il^Vb, the two-dimensional 
version of the Sen connection on the 2-surfaces. Then the 2+1 decomposition of the 
derivative Pa by Aq and the directional derivative v^Pe yields that fl4.48p has the form 

Aa'ao^ - n^('DeaA)^^^A' + ^7 a' ~ 0. (4.49) 

Here we used that v^' aAa'b = bAa'a and 2v^'^'vab' = —^b'- the other hand, 
after a similar decomposition the hrst of the renormalized Witten equations, equation 
fl4.46p . yields 

A^'Att^ + v\PeaA)v'^A' + ^7a' ~ 0. (4.50) 

By dSi and (TOl 


Aa'act"^ + 7A' = 0(f2), + v^^'^A' = 0(12); (4.51) 
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which imply, in particular, that 


~ ■ (4-52) 

Clearly, there is a similar relationship between the tangential and radial derivatives of 
the spinor held /d^, too. Hence, the radial and tangential derivatives of the spinor helds 
on the cut are linked together. To evaluate this, we rewrite it into its GHP form. 

Contracting fl4.52p with the vectors of the spinor dyad, using the asymptotic form 
of the spin coefficients (in the gauge = 0), equations fl4.35p and fl4.34p . = 

— \Te\~^{d/dilY + 0(^1) and the expansion fl4.4ip . we obtain that 


= 


-W 
6 




(0) 




ah = \/|( 1 + gAH^) (a'a™ + ; (4.53) 


and there are analogous formulae for the expansion coefficients (3^'^ and too. Here 
5 and 5^ are the standard GHP edth operators on S ISO]- Thus, in the solutions of the 
renormalized Witten equation the G = 1/r order terms in their asymptotic expansion 
are determined completely by their boundary value and the boost gauge defined by H (and 
represented by W) at . In particular, on asymptotically null hypersurfaces and 
would be vanishing. Therefore, with the dehnitions 


oCTA := {af + naf)ei, of^A := {fdf + (4.54) 

the solution of the renormalized Witten equations has the asymptotic form 


= a'^ = = (3^' = oj3^' + tt^', (4.55) 

where e.g. determines (3^^ through the algebraic boundary condition fl4.45p . the coef¬ 
ficients satisfy fl4.53p . (3'^^ satisfy the analogous equation (and hence also determined 
by tt®), and the components of and in the unphysical spin frame are of order 

(N.B.; The dual spin frame is = —e——e^eBA, where e—— is the anti-symmetric 
Levi-Civita symbol.) 


4.5.3 Example: The de Sitter spacetime 

In the positivity and rigidity proofs in subsections 14.6.2] and 14.6751 we need to know some 
of the properties of the de Sitter spacetime. It is known that in this spacetime the 
differential equation 


VA“ = (■‘•56) 

is completely integrable (for either sign on the right), where 4/“ = (a"^, (as a column 
vector) and the Dirac ‘matrices’ are given explicitly in terms of the metric spinor by 


7e/3 



0 



(see e.g. |31) . pp 221). Hence it admits four linearly independent solutions and these 
solutions can be specified by prescribing 4/" at any given point of the spacetime. In 
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fact, its Weyl spinor constituents solve the 1-valence twistor equation such that the 
primary spinor part of one twistor is just the secondary spinor part of the other |in) : 
and the solutions of fl4.56jl also solve M.dOj) on any spacelike hypersurface S. In flat 
spacetime (A = 0) its solutions are just the spinor constituents of the translational Killing 
vectors. Thus the solutions of fl4.56p are the spinor constituents of what substitutes the 
translational Killing helds in de Sitter spacetime most naturally. (For a more detailed 
discussion of the geometry of the de Sitter spacetime and the twistor equation, see e.g. 

rao 

To hnd the explicit solutions, let us rewrite fl4.56p in the GHP formalism. In the 
coordinate system based on a spherically symmetric foliation of and the GHP spin 
frame (up to phase transformation of the complex null vectors) of subsection 14.21 and 14.31 
respectively, the only non-zero GHP spin coefficients are 



Then, contracting fl4.56p with d^d^' we obtain the so-called radial equations (i.e. the 
parts of fl4.56p tangential to the null geodesic generators of the null hypersurfaces A/j^), 
whose solution is given by 


do 




/3i' 


Here Bii are still to be determined functions of u and x^. Thus, in 

particular, this solution is compatible with both the general fall off properties fl4.4ip and 
the algebraic boundary conditions fl4.45p . 

The contraction of fl4.56p with and with give the so-called surface equa¬ 

tions, i.e. the ones tangential to the u = const, w = const 2-spheres. Substituting the 
solution of the radial equations here we obtain, in particular, that 

= 0, = 0. ob'Ai = 0, = 0, 
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where o9 and denote the standard edth operators on the unit sphere ED. The solution 
of these equations is well known to be 


a. 


( 0 ) _ 




( 0 ) 

0 ' 


Ai By 


2 2 


where are the ±| spin weighted spherical harmonics, m = —i, and the coeffi¬ 
cients Om, and -Bm are still not specified functions of u. Substituting these into 

the remaining four surface equations and using how the edth operators act on the spin 
weighted spherical harmonics we find that A^, and 3^. are determined by and bm 
according to 



but ttm and bm remain independent. It might be worth noting that these are just the con¬ 
ditions fl4.53p . in which we substitute W = 0 (since the hypersurface on which the spinor 

components are expanded is null), the radius of the u = const cut is i? = sin(| — \J^u) 

(see the line element of the Einstein universe in subsection 14. 2 p and = ■^ cot(y^M—|). 
The M-dependence of am and bm is determined by the so-called evolution equations, ob¬ 
tained by contracting fl4.56p with , and the whole solution is completely determined 
by the value of the four functions and bm e.g. at m = 0. Therefore, the solution 
(a^, of equation fl4.56p is completely determined by its spinor components Uq = uao^ 
and /9o' = Pa'O^ on one u = const cut of the conformal boundary. 

Let Su denote the u = const cut. This can be considered as the intersection of some 
spherically symmetric spacelike hypersurface S and the conformal infinity, and hence we 
should ask how the solutions and (3^ on Su could be recovered purely in terms of the 
geometry of Su- Since on determines {3^ algebraically, it is enough to consider 

a^. For its structure we obtained ao = J2m^rn i^im ai = TiXlm These 

are the general solution of 

odao = 0, od'ai = 0, (4.57) 

which are the 2-surface twistor equations on the spherically symmetric Su- 

4.6 The positivity and rigidity of H 

In this subsection we begin the proof of existence for solutions of the Witten equation. 
We show that the requirement of the finiteness of the functional H[a-,a\ + i7[/9,/9] on 
the solutions of the renormalized Witten equations fl4.4Up yields that the spinor fields 
must solve the 2-surface twistor equations on the conformal boundary, and with these 
boundary values they have a unique solution, controlled by the boundary value of e.g. 

provided the matter fields satisfy the dominant energy condition. This implies that 
H[a,a\ + i7[/5,/3] is non-negative for such boundary values (positivity), and that it is 
vanishing precisely when the domain of dependence of the spacelike hypersurface S is 
locally isometric to the de Sitter spacetime (rigidity). 
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4.6.1 Boundary conditions from the finiteness of H: The 2-surface twistor 
equations 

Since K in fl4.6p is imaginary, the finiteness of H[a,a] + defined in the physical 

spacetime is ensured by the finiteness of the integral on the right of fld.lOp . Since we 
associated zero conformal weight to the (contravariant form of the) spinor fields, more¬ 
over under the conformal rescaling of the spacetime metric the volume element changes 
according to dS = f2“^dS, the integral of the second term on the right hand side of (14.101) 
is finite precisely when this term falls off slightly faster than i.e. when 

^ 13^13^') = nXT\{a^a^' + XX') ■ (4-58) 

Hence the rescaled energy-momentum tensor T°‘b must tend to zero at the conformal 
boundary, i.e. the physical energy-momentum tensor must fall off as T°‘b = o{Q^), slightly 
faster than Therefore, assuming the smoothness of the rescaled energy-momentum 
tensor on M, we must require = 0(f2^) (rather than only T°'b = Thus, in 

particular, dust-like matter cannot be present near the conformal boundary. 

To determine the condition of the finiteness of the integral of the first term on the 
right of (I4.inp . we rewrite the derivative 'De&A into a more familiar form. It is known 
that 


'DppiaA — '^(EpOiA) + ’^PpE' ^daPd'c^^ (4.59) 

is the complete algebraically irreducible, t"^"^'-orthogonal decomposition of the derivative. 
Here Vab ■= XtB^'T^AA = P{ab) is the unitary spinor form of Vaaa nnd the totally 
symmetric part V(^abC(c) defines the 3-surface twistor operator j23]. Substituting this 
decomposition into the explicit expression of Tte&A given by (14. 5 p and using the renor¬ 
malized Witten equations (I4.4np . we find that it is precisely the 3-surface twistor operator 
acting on d^, i.e. 


H\aX 3 -H\_I^i0\ — J (^X{abo:c))X{A'b'<3c')) (4.60) 

+ XiABXX'DiA'B'k'))) + iaf\{XX' + /3'';l^')}dS. 

It has exactly the same structure that the components of the ADM, Bondi-Sachs and 
Abbott-Deser energy-momenta and the total mass of closed universes (with A > 0) have 
in their spinorial form [26l 1281 \T7[ [9l [10]: It is the sum of the square of the L 2 -norm of 
the 3-surface twistor derivative of the spinor field satisfying the gauge condition and the 
integral of the energy-momentum of the matter fields. 

Returning to the question of the finiteness of the integral of the first term on the right 
of (I4.10p . (I4.60p shows that V^ab&c) and T>i^ab(3c) ‘must be sguare integrable on S in the 
physical spacetime. Since the 3-surface twistor operator is conformally covariant, viz. 
V^abX~^C(c)) = ^~^P{abC(c), this condition is equivalent to the 

= o(D) (4.61) 

fall-off in the unphysical spacetime, and to an analogous one for f3A- By (I4.33p this is 
equivalent to 
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o^o^o'^ (VabOIc), (V(^ABOiC)), O^L^L^(V(^ABOiC)), [V abOCc) = o{fl'^). 

Then, by fl4.33p and the asymptotic value of the GHP spin coefficients in the conformal 
spacetime, we obtain that 


o^o^o^{VABac) =o^o^\/2tB'^' iyAA'Oic)o^ = -y^j^"i“(Vaac')o'^ + 0{Q) 

= + 0{VL), (4.62) 

L^yy[VABOic) = + 0(G). (4.63) 

Using lIT^ - dOhll . |Te|2 = iAfU^ + 21U + 0(G) and = -yyy/dnY + 0(G), we 
hnd that 


3 0^0^ y (V^abC^C)) = 0^0^ Paiy eOtc) ^iB^' Paiy eOtc)o' 

= + \^^W)oy^'Pl{V,ac)o^ + 0(G) 


- P°«D + + ^AlU)n“(T>aac)o^ + 0(G) 


\T. 

W / lA 


\T. 
2y/2W 


(9«® - + ^(1 + ^AfU)4'^) 

' |Te|3 (l + QAlU)(^y^(l +-AlU)(fi:ai-eao) - y^iu(ra;i Te'cro))+0(G). 

Then by fl4.53p and the asymptotic form of the GHP spin coefficients this, and the 
analogous expression for Y{V(^abC(c)), yield that 


(V^^ABOic)) = oy), o^i^y{V(^ABOic))=Oy). (4.64) 

Therefore, by fl4.64p A" iVt^ABOic)) and A" {Vi^ABOtc)) fall off appropriately, but 
by fl4.62p and fl4.63p the condition fl4.6ip is satished precisely when 

5(^0°^ + = 0, 6'a® — cr^ag^^ = 0 (4.65) 

also hold, i.e. if the spinor field a a on the cut iS = S fl solves the 2-surface twistor 
equations of Penrose [12]. In particular, by fl4.57p the solution of fl4.56p in the de Sitter 
spacetime also satisfies this condition. 


4.6.2 Positivity 

Assuming that the matter helds satisfy the dominant energy condition, the proof of the 
non-negativity of H[a,a] + H[fi,f3] reduces to the proof of the existence of solutions of 
fl4.40p with the boundary values satisfying fl4.45p and 04.651) . To prove this existence, let us 
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use the decomposition fl4.54p - fl4.55p of the spinor helds in fl4.4np . Then the homogeneous 
renormalized Witten equations take the form of the system 

'Da'A^^ + = - {t)A'A + ‘^K =: (4.66) 

Vaa'^^' + ^-KaA = - [Vaa' oM' + o&a) =: Pa (4.67) 

of inhomogeneous equations. The advantage of using (d^, tt^') instead of (d^, (3^') is that 
the spinor helds satisfying the homogeneous boundary condition form a vector space, 
while those satisfying an inhomogeneous one do not. Thus, the techniques of linear 
functional analysis can be applied to them more easily. Moreover, the spinor helds on 
the right hand side of fl4.66p and fl4.67p are hxed by the boundary conditions, and hence 
what we should prove is only the existence of the spinor helds ) with appropriate 

fall-oh. Also, we will need the uniqueness of this solution. 

First we show that the homogeneous equations corresponding to fl4.66p - fl4.67p . i.e. 

-h ^KnA' = 0, Vaa'TT^' + = 0, (4.68) 

do not admit any non-trivial smooth solution with the = o(ff^'^^) fall-oh, provided 

the matter helds satisfy the dominant energy condition on S. (Note that, by the results 
of subsection 14.6.11 the fall-oh = o{Q?^‘^) is needed to ensure the hniteness of 

H[a,a\ + i7[/3,/9]. This fall-oh condition is equivalent to their square integrability, see 
below.) Suppose, on the contrary, that is such a solution, and let us apply the 

Sen-Witten type identity fl4.ini) to this solution. Then by the dominant energy condition 
we have that 


0 < /{ - —iAA'y'^{{Vea^){Vfa^') -7 {Ve7r'^){T>fTr^')) 

+ -|-TT'^TT^ )|dS = [d, d] -|-if [tt, d]. (4.69) 

We show that the right hand side of this inequality is also zero. The GHP form of if [d, d] 
is 2/x times the —)■ 0 limit of 


<5n 


Sn 


(^di/(5'do + pdi) - Ao'(5di -F p'do) 

L/(5'do - + <5'iO(f^)) - do'(6di - + doO(G)) jfi 


(4.70) 


d5. 


where we used the asymptotic form fl4.26l) of the GHP convergences. Thus, if 
with / > 3/2 and some bounded spinor held near then do and di fall oh faster 
than G. This, together with the same argument for imply that the right hand side of 
fl4.69p is indeed zero. Hence, the integrand of the middle term of fl4.69p is vanishing, i.e. 


Ped^ + KP^^'Ia' = 0, Ve^^' + KPf^aA = 0, 

4f%(d^d^'+7r^d^')=0. 
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(4.72) 


























Now we show that the spinor fields and cannot be proportional to each other on 
any open subset of E. Thus, suppose, on the contrary, that for some smooth 

complex function F on some open subset U <ZT,. Then by fl4.7ip 

0 = £)e((TA7r^) = = K [l + F F) a A> ■ 

Since S is spacelike and ^a^a' is null, this implies the vanishing of a a on U. However, 
by 04.711) solves the eigenvalue equation V^^Va'b^^ = hence, by an 

appropriate modification of the proof of Aronszajn’s theorem for its eigenspinors, the 
spinor field a a cannot be vanishing on any open set U <Z T,. (For the details, see the 
appendix of im.) Therefore, and cannot be proportional to each other on any 
open subset of E, and hence is future pointing and timelike on an open 

dense subset of E. But then by fl4.72p and the dominant energy condition it follows that 
fab = 0 on E. 

Evaluating the integrability condition of the system fl4.7ip and using that and 
can be proportional with each other only on closed subsets of E with empty interior, 
we find that the curvature RabccI of the spacetime at the points of E is that of the de 
Sitter spacetime (see pro]). Foliating the domain of dependence of E by smooth Cauchy 
surfaces Eg by Lie dragging E along its own timelike ^afe-unit normals, by the Bianchi 
identities (written in their 3+1 form with respect to this foliation by Friedrich |32l) we 
obtain that the geometry of the domain of dependence is locally isometric to the de Sitter 
spacetime. (Note that these Cauchy surfaces E^ for the domain of dependence of E are 
not the hypersurfaces E^ of subsection 14.41 In fact, while all the E^ cut in the same 
2-surface S, the surfaces E^ D foliate a neighbourhood of S in 

Finally, since the domain of dependence of E is locally de Sitter, the spinor fields 
and provide a correct initial condition for fl4.56p on E. However, by the results of 
subsection 14.5.31 its solution is completely determined by the value of the solution e.g. 
at a point of E fl . Since both and are vanishing there, the whole solution on 
E must be vanishing. Hence, the differential operator 

V : C'°°(E,D“) nL2(E,D“) ^ C'°°(E,D“) : 4 '“ ^ (4.73) 

is an injective linear map on the space of the smooth square integrable Dirac spinor fields, 
where := (d"^, (as a column vector) and 

:= V^'Ba^ + • (4.74) 

Therefore, if the system fl4.66p - (l4.67p admits a smooth solution, then that is unique in 
C°°(E,D“). 

To show the existence of a solution of the inhomogeneous fl4.66l) - fl4.67p . and also that 
non-smooth solutions of (I4.68p do not exist either, we should reformulate the problem in 
appropriate function spaces and use certain functional analytic techniques. We start this 
here and defer the details to the appendix. If it^ ) were a solution of fl4.66p - fl4.67p 
with differentiable extension of the corresponding and (3^ to the conformal boundary, 
then {a^,7r^') = 0{Qf would hold (see equation fl4.55p L Hence, for the Dirac spinor 
we would have that 

|4)"|2 := + TT^d^') = O(D^), 

|De4>“|2 ;= -h^f^iAA'{{V,a^){Vf~a^') + = 0{Q^). 
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(In the second of these, we used how Pg is related to the Sen derivative operator Pe in 
the conformal geometry, and that and hold for some smooth 

0(7^ and on M.) Thus, both and would be integrable on S 

for the same <5 < |, and hence 

(||$“||^,5)^= + |p^$“|2)dS < CX). (4.75) 

However, the norm that fl4.75p dehnes is not the weighted Sobolev norm (for the latter see 
e.g. |33]). This is the classical Sobolev normH with respect to the weighted volume element 
fl“2<5dy;. The weighted Sobolev spaces do not appear to be the natural function spaces on 
the asymptotically hyperboloidal S because the helds and their derivatives have the same 
fall-off properties. However, this fall-off rate cannot be arbitrary: The investigations in 
subsection 14.6.11 show that the spinor fields and must fall off faster than i.e. 
they must be square integrable (with 6 = 0), otherwise H[a,a] + H[/3,/3] would not 
be hnite. The spaces (or simply Hg s) of the Dirac spinor helds for which 

the norm has the structure fl4.75p with the number of derivatives s = 0,1,2,... will be 
discussed in Appendix 15.11 

Now we show that the Dirac spinor (p"^, ) belongs to the weighted Lebesgue spaces 

L 2 = Hq^s for 5 < |. Since and = 0 ^^' satisfy the algebraic boundary 

condition fl4.45p and since they were constructed from the solution of 114.491) and (14.501) . 
by equation fl4.5ip (with the notations of subsection 14. 5. 2D . we have that 


3-3 3 

T^A'a + — K qI3a' = T^a'a oIa' = ^a'a 0 ®^ ~ 'Va'a'^^'^c oIa' = O ( f ^), 

KVaa' o/^^'+ o&a = iD^ni VB^' {Va'a ^ olA'd^) + 0(D) 

= \DeQ\ {va^'^A'B O^a) “ \^AA> 07^') + 0(D) = 0(D). 


However, this fall-off means, in fact, that G L 2 ^ ^ Hence, it seems 

natural to expect that fl4.74p dehnes a bounded linear operator T> from into L 2 with 
(5 < |, and we need to show only that ) G ImD and that kerD = 0. The former 

would imply the existence, the latter the uniqueness of the solution of the renormalized 
Witten equation (even among the non-smooth solutions). We complete the proof in the 
Appendix. 

In fact, in Appendix 15.31 we show that the extension of T) from the space of the 
square integrable smooth Dirac spinor helds to the hrst Sobolev space of the spinor 
helds, i.e. ID : Hi q -a- L2, is a topological vector space isomorphism if the hypersurface 
S is chosen such that its ‘boost parameter function’ W satishes |AW < 1 (Theorem 
15.4p . Thus, in particular, kerD C Hi q is empty, i.e. the homogeneous equations fl4.68p 
do not have even non-smooth square integrable solutions with square integrable hrst 
derivative. Also, {p^,(lj^ ) G ImD holds, and hence (I4.4np has a unique square integrable 
smooth solution. However, since {p^,u^) is not only square integrable but belongs to 

^Strictly speaking, the dimensionally correct norm would be the square root of the integral of 
where L is a positive constant with length physical dimension, e.g. L = 

Since, however, it is the topology of the Banach spaces that the norm defines that has significance (but 
not the norm itself), we adopt the standard (but physically incorrect) definition of the Sobolev norms. 
This yields formally incorrect sums of quantities with different physical dimension in certain estimates. 
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the weighted Lebesgue spaces = Hq^s for 5 < moreover the solution of 04.66^ - 
fl4.67p is unique, the solution is not only square integrable, but belongs to Hi^s for any 
(5 < |. Therefore, the renormalized Witten equation 04.40^ with the algebraic boundary 
condition fl4.45p has a unique solution on such a S, proving that H[a,a] + is 

hnite and non-negative. Since H[a,<i\ + H[(],f3] depends only on the cut, its hniteness 
and non-negativity are independent of the choice of E. 

Finally, it could be worth noting that the positivity proof can be extended to hyper¬ 
surfaces with more than one asymptotic end; and also with inner boundaries represent¬ 
ing future marginally trapped surfaces, where the spinor helds are subject to the chiral 
boundary conditions of m 

4.6.3 Rigidity 

It is easy to see that H[a, d] -f- H[(], /3] is vanishing for any smooth cut of the conformal 
boundary of the de Sitter spacetime. In fact, we saw in subsection 14.5.31 that in de 
Sitter spacetime equation fl4.56p admits four linearly independent solutions. Then the 
restriction of the Weyl spinor constituents and Pa of such a solution to any smooth 
spacelike hypersurface E extending to the conformal boundary solve the 3-surface 
twistor equation on E. Therefore, by fl4.60p . H[a,a\ + H[P,P] is vanishing. 

Now we show that the converse of this statement is, in some sense, also true: If 
H[a,a] + H[P,P] is zero, then the domain of dependence of the spacelike hypersurface 
E is isometric to an open neighbourhood of a piece of the conformal boundary of the de 
Sitter spacetime. Thus, the vanishing of i7[a,d] -|- H[P^P] is equivalent to the local de 
Sitter nature of the spacetime near its future conformal boundary. The present proof is 
an adaptation of the proof of an analogous statement in im, and its logic is essentially 
the same that we followed in proving the non-existence of smooth solutions of the homo¬ 
geneous equations fl4.68p in the previous subsection. Thus here we only sketch the key 
points of the proof. 

Thus, let us suppose that H[a, d] -|- H[P, /3] = 0 for some solution (dyi, Pa') of fl4.40p . 
Then both a a and Pa solve the 3-surface twistor equation, V/^ab&c) = 0 and 'D(abPc) = 0, 
too. Hence, by the Witten equations (14.401) and the decomposition fl4.59p . these satisfy 

+ KP^^'Pa' = 0, + KP^^'&a = 0. (4.76) 

Like in the previous subsection, their solutions d^ and P^ cannot be proportional with 
each other on any open subset of E, and hence, by the dominant energy condition, (14.601) 
gives that Tab = 0 on E. Also, the integrability conditions of (I4.76p yields that the domain 
of dependence of E is locally isometric to the de Sitter spacetime. 

4.7 The total energy-momentum 

4.7.1 The structure of the 2-surface twistor space 

In subsection 14. 6. II we saw that the functional H[a, a]+ H[P, P] of the solutions (d"^, P^') 
of the renormalized Witten equation can be hnite only if the spinor helds solve the 2- 
surface twistor equations on 5 = E fl i.e.: 

— T~^{oi) := d'oi — a^ao = 0, T~(a) := doo + = 0. (4.77) 
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It is known that on topological 2-spheres the 2-surface twistor equations admit at least 
four, and in the generic case precisely four linearly independent solutions However, 
examples are known for topological 2-spheres on which the 2-surface twistor equations 
admit hve independent solutions |3S]. We will show that the 2-surface twistor space, i.e. 
the space kerT := ker(T“ © T^) of the solutions of the 2-surface twistor equations on 
S C is even dimensional. 

First, let us observe that the constant normal Na of yields a non-trivial extra 
structure on the kernel of a number of differential operators. Indeed, for any spinor held 
Aa on S let us form the C-anti-linear map 

n : Aa ^ v{X)a := V2Na^'Xa', (4.78) 

i.e. in terms of spinor components u : (Aq, Ai) i—)■ (—Ai/, Aq')- Then the algebraic boundary 
condition fl4.45p is simply 13a = 3ziu{a)A- Then it is a simple calculation to check that 
this map yields the C-anti-linear isomorphisms 


kerT^kerT, kerA—)-kerA, ker'H'^ —?• kerTf , kerC'*'—>■ kerC . (4.79) 

Here A := A+ © A“, l-L^ := A=*= © and := A=*= © T^; and where 

A+(A) :=5'Ao + p°Ai, -A-(A) :=5Ai-p°Ao. (4.80) 

Thus, ker A is the kernel of the Dirac operator built from the 2-dimensional Sen con¬ 
nection Aa := H^Vfe on iS; ker'H^ is the space of the holomorphic/anti-holomorphic 
spinor helds of Dougan and Mason [36]; while, with the ct° = 0 substitution, kerC^ is 
the space of Bramson’s spinors Isa at the future/past null inhnity of asymptotically hat 
spacetimes (where the relevant shears fall oh faster then the divergences). (For a more 
detailed discussion of these operators, see the appendix of [38]. I 

In particular, u takes solutions of the 2-surface twistor equation into solutions. Clearly, 
z/(q;)a is not proportional to (and hence it is linearly independent of ua) because 
u{a)AC(^ = —\/2 Naa'C(^<X^ , which is zero only if ua itself is vanishing. Moreover, 
the spinor helds n{a)A and ua are orthogonal to each other with respect to , and 
= —Id holds. Hence, each solution a a has a naturally determined linearly independent 
counterpart n{a)A and the ua -H- n{a)A correspondence is one-to-one. Therefore, on 2- 
surfaces in kerT is necessarily even dimensional, i.e. no odd number of ‘extra’ 
solutions can exist. We can form the quotient kerT/n, which, since z/ is an isomorphism, 
can be identihed with the space of the complex 2-planes [oa] of ker T spanned by a a 
and n(a)A for any a a G kerT. This kerT /z/ is at least two, and generically is precisely 
two complex dimensional. We assume that there are no ‘extra’ solutions of the 2-surface 
twistor equations on S, and hence that kerT is precisely four, and hence that kerT/z/ is 
precisely two dimensional. 

Let us dehne G(ker T , z/) to be the set of automorphisms $ of ker T for which z/ o <|> = 
$ o n. Clearly, this is a subgroup of GL(ker T ), which can be called the symmetry group 
of the 2-surface twistor space. Let Sa C ker T be a two dimensional subspace which is 
not invariant under u, and hence for which kerT = Sa © i^{Sa) holds. (This Sa is a 
representative of kerT/z^, and obviously it is not canonically dehned.) Let us hx a basis 
in Sa, say {oa}, A = 0, 1. (Thus, note that the boldface name indices refer to a basis 
in the abstract solution space, while the underlined name indices to a frame field on S. 
Note also that since u contains complex conjugation and it is only the abstract index 
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that is converted by N^a' to an nnprinied one, the boldface index in u{aA')^ is, in fact, 
primed.) Then is a basis in ker T, and in this basis z/ takes the form of a 

4x4 complex matrix with 2x2 blocks 0, —and, in the second row, (5g, and 0. (Here 
0 is the zero matrix.) Thus, since u is anti-linear, its action in this basis is the matrix 
multiplication with this matrix, following the complex conjugation. Hence, in this basis, 
$ G G(ker T, n) is a matrix of the form 


$ = 


(4.81) 


-B^'b A^'b' 

where A and B are 2x2 complex matrices and A is nonsingular. Clearly, these matrices 
can be factorized in a unique way according to 



and the matrices of the form diag(44, H) form a subgroup in G(kerT, z/), which is iso¬ 
morphic to GL{1,C) X SL{2,C). The determinant of these factors is |det(y4)p and 
1 -|- Tr(C'C') -|- I det(C)p > 0, respectively. Hence the latter should be required to be pos¬ 
itive. Therefore, the symmetry group G(ker T, z/) factorized by the multiplicative group 
of the determinants det(<h) is a 15 parameter subgroup of 5'L(4, C). This subgroup turns 
out to be isomorphic to S'L(2,]H[), the spin group of S'0(l,5). 

To see this, first let us determine its Lie algebra. Let us denote the standard SL{2, C) 
Pauli matrices (divided by \/2) by , a = 0,...,3; and, for i = 1,2,3, let ct^b := 
\/2aA^' which are the standard SU{2) Pauli matrices (also divided by \/2). Then 
the basis of the Lie algebra of G(ker T, z/) corresponding to the factorization (I4.82p is 


d: = 



aa 

0 



ctAb 0 \ 

• ^/2V 0 

= — ( ° ^ 
■ x/2V-<b 0 ; 



i 



aA g 0 

0 —aA g/ 

0 \ 
<B 0 ) 




Clearly, d commutes with all the basis elements and generates the change of the deter¬ 
minant of <1>. The Lie algebra elements Oq, Oi, hi, Cq and Cg, form a 15 real dimensional 
Lie algebra with the Lie products 


[Uq, Uj] [^0: ^i] b? [^0; ^a] : [^0: ^a] ; 

[dj, Clj] 6ij hk, [dj, dj] 6ij dk, 

[di, Cq] = Cj, [dj, Cj] = TjjjCQ, [dj, Cq] = Cj, [dj, Cj] = T^ijCo, 

[dj, dj] 6ij dk, [di, Cq] [di, Cq] 0, [di, Cj] Cy C^, [di, Cj] Cij C^, 

[cOjCi] = — 0 . 1 , [co,Co] = —do, [co,Ci] = 0, 

[Ci, Cj] = -6ij^ak, [Ci, Co] = 0, [Ci, Cj] = -?7ijao, 

[CQ: Cj] Cj, [Cj, Cj] Cjj Ck' 

(Note that we lower the small boldface indices by the negative definite rjij = —hij, the 
capital boldface indices by the anti-symmetric Levi-Civita symbol cab; and we raise them 
by their inverses.) 
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To see the structure of this Lie algebra, consider its non-trivial subalgebras. First, 
{ai,ai} spans the Lorentz Lie algebra so(l,3) ~ s/(2,C), and both {ai,Ci} and {ai,Ci} 
(which are isomorphic with each other) span so(4) ~ su{2) 0 su{2). The subalgebras 
spanned by {hi, Oi, q, Cq} and by {hi, oi, ci, Cq} are also isomorphic, and since they con¬ 
tain so(l,3) and so(4), it is natural to expect them to be just the de Sitter algebra 
so(l,4) ~ sp(l,l). Similarly, {hi, Ci, Ci, oo} contains two (overlapping) copies of so(4), 
hence this can be expected to be just so(5) ~ sp{2). It is straightforward (e.g. by explicit 
calculations) to show that these are, in fact, isomorphic to the so(l,4) and so(5) Lie 
algebras, respectively. In addition, {ao,Co,Co} spans so(l,2) ~ s/(2,M). Therefore, the 
Lie algebra of the symmetry group G(ker T, i^) should be so(l, 5) © M. 

Since so(l,5) is isomorphic to s/(2,]H[), the Lie algebra of the special linear group 
in two dimensions over the quaternions |39j . G(kerT, z/) factorized by the determinants 
is locally isomorphic to S'L(2,]H[). In fact, the explicit form 04.811) of the symmetry 
group G(kerT, z^) is just the complex realization of GL{2,Il) jTO], i.e. the quotient of 
G(kerT, z^) and the multiplicative group (0, cxo) of the determinants det(<h) is precisely 
S'L(2,]H[) (which in its actual complex form is also denoted by SU*{4) [10]), the spin 
group of S'0(1, 5). 

4.7.2 The general form of the total energy-momentum 

Since the solution (d"^,/3"^') of 04.40^ is completely controlled e.g. by the boundary value 
of on the cut of the conformal boundary, the functional H yields a well dehned positive 
dehnite quadratic form on the space ker T by 

H* : ker T —)• [0, oo) : i—)■ - d] 0 z/(a)j j. (4.83) 

Then the polarization formula fl4.3p (applied to H*) makes it possible to extend H* to 
be a positive Hermitian bilinear form on kerT. This gives, for any G kerT, that 

//•[A,p] =i(//[A,p]+//[nfi).0)]). (4.84) 

by means of which it is easy to see that 

H*[u{X),^ =H*[X,p] (4.85) 

hold. In particular, by the hrst of these H*[X, zz(A)] = 0 for any G kerT. 

Let us £x a basis in kerT (see subsection I4.7.ip . Then by fl4.85p H* 

in this basis is a 4 x 4 complex matrix 

«• = ( -q P ) • 

where P ;= H*[aA, ds'] (or, rather Pab') is a 2x2 Hermitian, while Q := H*[aA, zz(aB')] = 
T*[aAT(o^B)] is a 2 X 2 complex anti-symmetric matrix. By the positivity and rigidity 
results of subsection 14.61 the matrix P is positive, and one of its diagonal elements (i.e. the 
product Poo'Pii') is vanishing if and only if the domain of dependence of the hypersurface 
S is locally isometric to the de Sitter spacetime, in which case the whole H* is vanishing. 
By the anti-symmetry of Q it can also be written as Qcab, where Q := H*[ao, v{a\)\ G C. 
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Since the choice for Sa is not canonical, neither the basis nor Pab' is canonically 
dehned. Under the action of a basis transformation with G G(ker T, v) given by fl4.8ip . 
the components Pab' and Q change as 


Paa' t Pbb' A' + -B^a'-B^ a ) — Q ^cd^^a-B^a' — Q a'-B^ a, 

Q ^ Q det(74) + Q det(i?) + Paa'^^c-B^ 

Hence, in the lack of any further extra structnre on ker T, it does not seem to be able to 
extract Pab' as the energy-momentnm 4-vector in a canonical way from H*, even though 
it shares the positivity and rigidity properties. Such an extra structure would be needed 
to reduce G(ker T, z/) to GL{1, C) x SL{2, C) = {diag(H, A)}. In this case we would have 
a well dehned energy-momentum Pab'- However, even if we had such a reduction, still 
we would not have any natural symplectic metric to dehne mass as the length of this 
energy-momentum. Still we would have to rule out the factor GL(1, C). 

A simple calculation shows that 

det(H'*) = (det(PAB') - QQ)\ (4.87) 

and hence it might be tempting to introduce the concept of mass by det(i7*), even if 
Pab' cannot be dehned in a canonical way. Since H* is positive dehnite, by the rigidity 
property det(i7*) = 0 (i.e. det(PAB') = QQ) is equivalent to the vanishing of H*, i.e. to 
the local de Sitter nature of the domain of dependence of the spacelike hypersurface S 
in the spacetime. Unfortunately, however, det(<h) is not one, and hence this determinant 
is still not an invariant, it is only its sign (positive or zero) that is invariant. We would 
need an extra structure on the 2-surface twistor space, e.g. a geometrically dehned volume 
f-form, by means of which the symmetry group could be reduced to S'L(2,]H[). 

Nevertheless, still H* is a well dehned observable with useful properties, but in general 
asymptotically de Sitter spacetimes this cannot be interpreted as energy-momentum in 
a natural way. In the next subsection we consider special cases when additional extra 
structures are present on the 2-surface twistor space by means of which the analog of the 
Bondi mass can be dehned by fl4.87p . 


4.7.3 Further extra structures on kerT on non-contorted cuts 

The 2-surface twistor space can also be considered as the space of the pairs Z" : = 
(A^, iA^'sA^), A"^ G kerT; and t\a' '■= iA^'sA^ is called the secondary part of the 
2-surface twistor Z" (see [I2]). For any four twistors Zf = (A^,7r^,), f = 1, ...,4, one can 
dehne 


£ := := = e‘'’‘'Ap‘(8A») (8'A;), 


where is the Levi-Civita alternating symbol, and we used the GHP form of the 
secondary part of the twistors. In general, this e is a complex valued function on the 
cut. If, however, e: were constant on the cut, then this e^is^s would dehne a volume 4- 
form, a further extra structure, on the 2-surface twistor space ker T. The presence of this 
volume form would reduce the symmetry group to its volume-preserving subgroup, i.e. 
to S'L(2,H[). Then we could dehne the mass in an invariant way by fl4.87p . where the 
basis {o!^, z^(ttA')"^} would be chosen such that the components of eap'ys are those of the 
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Levi-Civita symbol. It is still not known what are the necessary and sufficient conditions 
on the geometrical properties of the cut that could ensure the existence of such a volume 
4-form. 

If a Hermitian metric exists on ker T, then it defines a geometrically given volume 4- 
form (see [I2])- To introduce this, for any two twistors Z“ = (A"^,7r^/) and W“ = 
let us dehne 


hQ/3/Z“W^' := \^Pa + ='■ h{X,p). 

In general, this is not constant on the cut, but when it is, then it defines a (conformally 
invariant) Hermitian metric on ker T with signature (-1-, -1-, —, —). By definition, the group 
of the linear transformations of kerT preserving this metric is 517(2,2), the spin group 
of 50(2,4). Hence, in the presence of such a Hermitian metric, the symmetry group of 
the 2-surface twistor space is 5L(2, H) fl 5f/(2, 2) ~ 5P(1,1), just the spin group of the 
de Sitter group 50(1,4) = 50(1,5) fl 50(2,4). Thus, the de Sitter group (in its spinor 
representation) emerges as the (reduced) symmetry group of the 2-surface twistor space. 
The 2-surfaces for which such a Hermitian scalar product h^a' exists are called non- 
contorted, and these are known to be just the 2-surfaces which can be embedded, at least 
locally, into a conform Minkowski spacetime with their hrst and second fundamental forms 
[m Sa 113]. For example, the cuts of an intrinsically locally conformally flat conformal 
boundary are all non-contorted (see also j44)). Thus, we have a large class of radiative 
spacetimes in which the cuts are non-contorted. 

Thus, suppose that the cut S is non-contorted and hence the Hermitian metric haa' 
exists on ker T. Then a straightforward calculation yields that 


h(z/(A), z/(/i)) = h(A, /i), h(A, i/(A)); (4.88) 

i.e. the Hermitian metric is anti-invariant under the action of v. (It might be worth 
noting that these equations already ensure the existence of the inhnity twistor on ker T 
|22).j Thus, in particular, h{\,i'{X)) = 0 for any A"^; i.e. A"^ and r'iX)^ are orthogonal 
to each other with respect to h, too. The properties fl4.88p make it possible to choose 
the basis i^(aA')"^} kerT in a more specihc way. Namely, let us choose Oq such 
that h(ao,do') = 1- Then by f|4.88p is h-orthogonal to a^; and its norm is also 

1. Thus the spinors in the 2-plane [oq] have positive norm. Then let us choose af to be 
h-orthogonal to the 2-plane [ag]- Because of the signature of haa' its norm is negative, 
and we choose it to be —1. Then by fl4.88p the norm of is —1, and it is h- 

orthogonal not only to af, but to the whole 2-plane [a^], too. Hence, the resulting basis 
is h-orthonormal. Thus, in this basis, h and its contravariant form h~^ 
have the form diag(l, —1,1, —1). Hence, the invariants of H* are given by the trace of the 
hrst four powers of h~^H*. These are 2(Poo' — Pii'); 4(det(PAB') — QQ) + 2(Poo' — Pii')^; 
6(Poo' “Pii')(*4et(PAB') —QQ) + 2(Poo' — Pii')^ ^^*4 2(2(det(PAB') — QQ) + (Poo' “Pii')^)^) 
respectively. Therefore, H* has two independent invariants, both of them real; 

yf := det (Pab') - QQ, N := Pqo' - Pin- (4.89) 

Clearly, M is analogous to the Bondi mass of asymptotically hat spacetimes, but the 
meaning of the other invariant, the diherence N of the value of the functional H* on 
the positive and negative norm elements of the subspace Sa, is still unclear. Further 
investigation of these quantities, viz. their group theoretical properties, their alternative 
expressions, the analog of ‘mass-loss’, etc. will be given in a separate paper. 
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5 Appendix: The Sen—Witten operator in weighted 
function spaces 

The aim of this appendix is to introduce and develop the necessary functional analytic 
tools by means of which we can prove the existence and uniqueness of the solution of the 
renormalized Witten equation fl4.66l) - fl4.67j) on asymptotically hyperboloidal hypersurfaces 
in a rigorous way. The key ideas and statements are motivated by those of |33] devel¬ 
oped for asymptotically flat Riemannian manifolds. First we introduce the appropriate 
weighted function spaces and state two of their properties. Then we prove a number 
of estimates for the renormalized Sen-Witten operator "D, by means of which finally we 
prove that "D is an isomorphism. In this appendix all the quantities and objects are in 
the physical spacetime, but, for the sake of simplicity, we leave the ‘hats’ off of them. 


5.1 The weighted function spaces on asymptotically hyperboloidal 
hypersurfaces 

Following the general ideas of |33) we define the weighted Lebesgue spaces of pairs of Weyl 
spinor fields, i.e. of Dirac spinor fields, on the asymptotically hyperboloidal hypersurfaces 
discussed in subsection 14.41 (The following concepts can be generalized in a natural 
way to cross-sections of Hermitian vector bundles over asymptotically hyperboloidal n- 
manifolds, even with more than one asymptotic end.) Thus, we assume that all the 
geometric structures of those hypersurfaces S are present and are smooth. In particular, 
hab is an asymptotically hyperboloidal (negative definite) metric and Xab is the extrinsic 
curvature with the asymptotic form 04.381) and 04.391) . respectively. We also consider the 
future pointing unit timelike normal (and hence the positive definite Hermitian metric 
on the spinor spaces), the conformal factor D (or radial coordinate 1/D) and the foliation 
Sq etc. to be given. Clearly, the conformal factor can be assumed to be one on some 
‘large enough’ compact subset iC C S with smooth boundary dK 5^ and strictly 
monotonically decreasing on S — iF. Vg will denote the covariant derivative operator 
acting on the Dirac spinor fields, determined by the Sen connection. 

For 5 G M and a measurable Dirac spinor field = (cx"^, ) on S we define 

(||<F"||5)^ := [ + vr^vr^')dS (5.1) 

Jt. 

and let D"), or shortly denote the space of the spinor fields <I>" for which ||*h “||5 < 
cxo. This space is a Banach space with the norm || . H^, which is, in fact, a Hilbert space 
with the obvious Hermitian scalar product; (4)“, 4/“) := 
for any and 

With the convention ||<I>"||o ,5 := ||*h"|| 5 , for any s = 0,1,2,... let us defin^ 



k=0 


n 


-2S 




(5.2) 


for any measurable spinor field with measurable Deaderivatives (in the weak sense) 
up to order s, where 


•^See the footnote to equation (14.7511 in subsection 14. (i.2 1 
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(5,3) 


is the positive definite pointwise norm of the fcth derivative. Then the space Hg^slTi, D"), 
or shortly Hg s, is defined to be the space of those spinor fields <h“ for which ||<h“||s ,5 < cx 3 . 
This is a Hilbert space with the obvious scalar product. Note that the spaces Hg s are 
not the familiar weighted Sobolev spaces (see e.g. [33]), rather these are the classical 
Sobolev spaces with the overall weighted volume element. The concept of this kind of 
spaces is motivated by the observation that the fall-off rate of both the solution of the 
renormalized Witten equation and its derivatives are the same (see subsection I4.6.2p . By 
definition Hq s = and Hg Q is just the classical Sobolev space Hs(T,,3°‘). 

We also need to define the space CKS,©") (or simply C^) of the C‘^ Dirac spinor 
fields on S for whichB 

S 

||^>“||c| :=sup|5^D-^|De,...I^ei<h“|(p)|pes} <CX). (5.4) 

fc =0 

Cg is a Banach space with the norm || . Hci. The concept of these spaces is motivated 
by the weighted function spaces of tensor fields of |33| . but note that the norms are 
different and hence the spaces are different from those of [32]. Here the weight func¬ 
tions in front of the different order terms are the same. The significance of these spaces is 
that they give a control on the fall-off properties of the spinor fields. In particular, is 
continuous and = 0(14^) (in the sense that can be extended to the conformally 

compactified S as a continuous spinor field) precisely when G with 5 = fc — 

It follows immediately from the definitions that C if 5^ < 5 and s' < s. 

The next lemma is analogous to the Rellich lemma for the classical Sobolev spaces over 
compact domains: 

Lemma 5.1. If 6' < 6 and s' < s, then the injection i : —)■ Hg/^s/ is compact. 

Proof. The statement is the adaptation of Lemma 2.1 of |33j to the actual spaces, and 
the proof is similar to that. □ 

Also, as a simple consequence of the definitions, Cf, C Hg s holds if s' > s and 6' > 
(5-1-1. (For tensor fields on n dimensional S the latter condition would be 5' > 5+{n—l)/2, 
while on asymptotically fiat S it is known to be 5' > 5 -|- n/2.) In particular, the spinor 
fields with (^(Dz) fall-off, i.e. the elements of C^, with d' > 1 , are square integrable, while 
those with 0 ( 12 ^) fall-off belong to L 2 with 5 < \- The next lemma states that, for 
appropriate indices, the inclusion holds in the opposite direction, too. This statement is 
analogous to the classical Sobolev lemma, and is the adaptation of Lemma 2.4 of |33j to 
the present case: 

Lemma 5.2. If s > s' + 2 and 5 > 5' — 1, then Hg^s C Cf,. 

Proof. The proof can be based on the proof of Lemma 2.3 and Lemma 2.4 of [33], and on 
the classical Sobolev lemma Hg G C , s > s' + n/2, for compact domains and its exten¬ 
sion from the n dimensional asymptotically Euclidean to asymptotically hyperboloidal 

^See the footnote to equation (14.7511 in subsection 14.6.21 
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geometries. The only deviation from the asymptotically flat case is that in Lemma 2.3 of 
|33| the map : Hg^s —^ Hg^s' on n dimensional asymptotically hyperboloidal S is a topo¬ 
logical vector space isomorphism for 6 > 6' — {n — l)/2, rather than for 6 > 6' — n/2. □ 

5.2 The basic estimates for V 

Since the Sen-Witten operator, given explicitly by bO'^), is ellip¬ 
tic, V, given explicitly by := is also elliptic. If G (with 

arbitrary 5 G M), then 

J s 

< J (^ll^AA'^^ P + ■^\'I^{A'B'^c')\‘^ + \Va'aO'^\^ + 2l^(^nO'c)PjdE 

holds, i.e. T) : Hi^s —)• L 2 is a hounded linear operator. (Here we used the orthogonal 
decomposition fl4.59p of the Dg-derivative of the spinor fields.) Then 


< 


\V^ 










i.e. the renormalized Sen-Witten operator 


V : Hi,, ^ Li (5.5) 

is also bounded, and hence continuous, for any 5 G M. 

Next we prove a number of lemmas that we need in the proof of the isomorphism 
theorem for T> in the next subsection. The first of these is the so-called fundamental 
elliptic estimate: 

Lemma 5.3. Let the dominant energy condition hold on S and let B G H be an open set 
with compact closure and smooth boundary. Then 

||$^||i,o < \/2||H“^<h^||o,o + yi + ^A||<h^||o,o (5.6) 

for any $(4 G Hi,o, supp ($( 4 ) C S — H. Also, 

\\^b\\hi{b) < G.\\t>°fK\\Lm + \/i+|a|| ^1b\\l2{b) (5.7) 

for any G Hi,o, supp (<hg) C B. 

Scholium: The index A of $(4 and B of are not spinor indices. The former indicates 
that the spinor field is localized in the asymptotic region on S, while the latter is localized 
in a bounded domain in S. (See also the first paragraph of the proof of Lemma lhTl below.i 
Hg{B), s = 0,1, 2,..., denotes the classical Sobolev spaces on the domain B with compact 
closure. 
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Proof. For any smooth spinor field on S we have the Sen-Witten identity 

iPecr^l^ = 2\Va'a(t^\‘^ -+ A6^)a^a^' 

v 2 

— \/2Daa' (t^^'V b'— t^^ d'^'T>BB'0'^^. (5.8) 

If is square integrable, then the integral of the total divergence at infinity is vanishing 
(see its 2-surface integral form fl4.70p and the argumentation in the second paragraph of 
subsection I4.6.2p . and if supp (a^) C S —i? or supp (a^) C B, then the boundary integral 
on dB is also vanishing. Hence, by A > 0 and the dominant energy condition this and 
the analogous argument for in ) we obtain 

(||<h“||i.o)' < 2 (||P“^«I>^||o.o)' + (||<^>“||o,o)' = 2 (||r)“^«F^ - + (||<^>“||o,o)' 

< (\/2||P“^<F^||o,o + yi + ^A||<F“||o,o)'. (5.9) 

Thus, recalling that for the i7o,o and Hi^q norms coincide with the L 2 {B) and 

Hi{B) norms, respectively, the inequalities hold for smooth $(4 and <I>^, respectively. 

Finally, let <F" (= $(4 or <F^) be an arbitrary element of Hi q. Since the smooth spinor 
fields form a dense subspace in Hi q, there exists a sequence {*h"}, i G N, of smooth spinor 
fields in Hi q which converges to strongly. Applying the estimate fl5.9p to the smooth 
spinor fields and recalling that the norms || . —)■ [ 0 , 00) are continuous, the 

inequalities follow. □ 

N.B.: The statement holds true even for A < 0; and in the A < 0 case the cosmological 
constant term gives additional contribution to the constant in front of ||<F“||o,o- Note 
also that although in this appendix we assume that the dominant energy condition holds, 
estimates of the form fl5.6p . fl5.7p could be derived from the ellipticity of T> alone, without 
the use of the dominant energy condition. In this case the forthcoming statements that 
depend on the fundamental elliptic estimate would hold independently of the dominant 
energy condition. The price that we had to pay for the simplicity of the proof of this 
estimate is the requirement of the dominant energy condition. 

Another consequence of the Sen-Witten identity is given by the next lemma: 

Lemma 5.4. Let B G 'P be an open subset with compact closure and smooth boundary. 
Then 


(||:De<h^||o,o)'<2(||P“^4>l||o,o)%4y|A||:D“^d)^||o,o||^ (5.10) 

holds for any G i7i,o, supp ("F^) C S — 5. 

Proof. By the Sen-Witten identity for $(4 = (a"^, Tt^') and the form fl4.8p of the boundary 
term 


2(||:D“^4>^||o,o)' = (||:Pe4>^||o,o)' + ^^ ^4T%(a^a^' + 7r%^')dS 
PAK [ V2tAA' — {T>^'+ ip ^'jdS 

S— B 
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holds, where we used that the integral of the boundary terms vanishes. Then by = —K 
and the dominant energy condition it follows that 

2(||:D“^«h^||o,o)'> {\\Ven\\o,oy + 

where (, ) denotes the natural L 2 scalar product of the Dirac spinors. Then by the 
Cauchy-Schwarz inequality this yields 05.101) . □ 

The inequality in our next lemma is analogous to the Hardy inequality: 

Lemma 5.5. Let 5 G M and let S be an asymptotieally hyperboloidal hypersurface for 
which the ‘boost parameter function’ W satisfies |A1T < 25+1. Then there exists an 
open set i? C S with compact closure and smooth boundary, and a positive constant c 
such that 


c||$^||o,5 < WAniks (5.11) 

for any G Hi^s, supp C S — H. 

Proof. Let = {a^, tt^') G Hi s and I G M. Then 

:= -H^V2tAA'[{'Dea^){Vfa^') + (DeVr"^') (D/tt^)) 

+ (Q-^Ve{nk^') -iTt^'Q-^Dedj (Q-^Vf{Qk^) -In^Q-^DfO^^ 

= + Pn-^\Denk<^°\‘^ 

\/2 Dg ^ tAA ', 

where in the last step we used the expression 04. 5 1) of Dg in terms of Dg and K. Multiplying 
this by choosing to be $^4 (i.e. in Hi s and such that supp ($^) C S — B), 

integrating on S — H and using that the boundary terms both on dB and at inhnity give 
zero, we obtain 


[ n-^^\Ve^fi\‘^dT>-i [ ({25 +1 + i)n-^\Denkd?‘x\^ 

Jy.-b Jt.-b ^ 

+D-^(DgD"D)|<h^|2 + D-i|DgD|v^n“x„b(cT^a^' + 7r^t^'))dS. 
If, however, B is chosen to be large enough, then by 04.37P and 04.39P 

|B.a| = ^ + 0(tf), B.D'f! = ^ + 0(tf), t.“Xai, = |T(l + lAlV)„j + 0(a) 

hold on S — H in which the corrections to the leading terms are already small, and hence 
the sign of these expressions on S — H is the sign of their leading term. Taking into 
account these asymptotic expressions, and that since supp ($( 4 ) C S — i? the left hand 
side is (ll'Dg'h^llo,^)^, we obtain 
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2 


(II®.i>aIIo,j)" >-i [ + 0(a)) ((2i + 2 + ;)|>1>^ 

Jy.-B Ke| ^ 

+ (1 + \-KW)\/2va{<J^^^' + 

o / 

Since \^W <25+1, we can always choose I to be negative such that \^W — 1 — 25 < 
I < 0. Moreover, since {a^a^' + is future pointing and non-spacelike, = 

^/2tAA’{,CF^^^' + > '/2\va{cF^(T^' + 7r"^7f"^')| holds, and hence we hnd that 

(IIP.'S'Allo.i)' > l'l(2« + 1 - |!| - lAmax{Vl'}) + 0(SJ)}(||45||„,,)t 

i.e. for some positive constant c and for all the inequality ||'De‘h^||o ,<5 > c||<h^||o ,5 
holds. □ 

Corollary 5.1. Under the conditions of Lemma \5.5\ with 5 = 0 

(y/c2 + 8 |ir|2 - 2 ^/2|ir|) ||<h^||o,o < 
holds for any G hfi,o? supp (‘h^) CT. — B. 

Proof. Combining the inequalities of Lemma 15.51 and Lemma 15.41 we hnd that 


c=(I|1>aIIo.o)' < (ll®.1>Sllo,o)' < 2(||B“^+|I„,„ + 2|A'|||>1>S||„,„) - 8 |Ay (||>l>5||„.„)t 

which is just the inequality that we wanted to prove. □ 

Hence, on S — H, the L 2 -norm of is bounded from below by the L 2 -norm of 

itself. 

Corollary 5.2. Under the conditions of Lemma \5. 5\ with 5 = 0 there is a positive constant 
c such that 


||$Alli,o<c||:P“^d>J||o,o 
holds for any G Lfi,o, supp (4)^) C S — H. 

Proof. By Corollary 15.II there is a positive constant Ci such that 11 *^ 1110,0 < Ci||'D"^<h^||o,o- 
Combining this with the inequality of Lemma [5.41 we obtain 

(ll®A5llo,o)' < 2(1 + 4|A|ci)(||P“,j+||„,„)l 

Clearly, for any 5 G M the hTg ^-norms dehned with and with are equivalent. In 
fact, in particular, 

(l|4>"llu)"=(l|4“llo,j)+(ll®e4”llo,i)' 

< (l|4“llo,j)+(Il®e4”||„,j+^|A|||4»||„,j)" 

< (1 + jIA'n + (||PA“|lo.j)") + ^/3|A|||r>.^>“|lo.^ l|4>“|lo,J 

< (1 + ^lA-y ((||4”||„,j)" + (||®A"llo.i)"). 
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Hence 


(l|4>5ll..o)'<(l + ^|A'lf((l|4>5M'+(ll».4>5llo,o)') 

< (1 + -^|A|)^(ci + S\K\ci + 2) (||'P“/3^^||o,o) ; 

i.e. the inequality of the corollary holds with = (1 + ^\K\Y{cl + 8|i^|ci + 2). □ 

The next lemma and its corollary are the adaptation of Theorem 6.2 of |33] to the 
present situation; 


Lemma 5.6. Let E be an asymptotically hyperholoidal hypersurface for which the ‘boost 
parameter function’ W satisfies \^W < 1. Then, for any S' < 0, there exists a positive 
constant C such that 


||$“||i,o < c(\\V%<!>^\\o,o + (5.12) 

holds for any G 

Proof. Let 0 < a < 1, and Ba ■= {p E T>\fl{p) > a }. Clearly, its closure, Ba, is compact 
with smooth boundary. Let /3 : E —)■ [0,1] be a smooth function such that fi{p) = 1 
for p E Ba and /9(p) = 0 for p G E — Bi^; i.e. in particular supp {(3) C Bi^^. For any 
G let us de£ne<F^ := and := (1 — /d)*!*", thebounded (or localized) and 
the asymptotic part of <F“, respectively.Clearly, supp ($ 5 ) C Bi^, supp (<F^) <Z T — Ba 
and 


||‘f’“||i,o ^ 11*^5111,0 + 11 *^) 4111,0 (5.13) 

hold. We derive the estimate fl5.12p for and separately, which by fl5.13p yield 
for $*". 

Since supp ($ 5 ) C Bi^, by fl5.7p in Lemma 15.31 there is a positive constant c' such 
that 


1 $ 


■3 


,)< 






U2(Bi J + 




B 


\L,iB,^ 


Since supp (<F^) C Bi^, the norm on the left hand side is in fact ||<F 5 ||i^o- 
term on the right we can write 


(5.14) 
In the hrst 


and a straightforward calculation shows that the square of the pointwise norm of its 
second term is 


Thus the hrst term on the right in fl5.14p can be estimated as 






<l|O“j1>®l|0,0 + C||<l>“|lwB, ). 


I He/? n^)*^ I Me) 


3° 
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Here, in the first step we used the triangle inequality and that /3 < 1, and then, in the 
second, we used the notation ^J2C := sup{|Zi)e/^|(p) \ p £ Cauchy-Schwarz 

inequality and p^^\\l 2 (Bi .) < < oo. Combining this inequality with 

fl5.14p we hnd that 

l|4>Slko < c'(||r>“^4''|t„,„+ (1 + C)||4 S||i,,Bjj). (5.15) 

Since < 1 for 5' < 0, ||<h“||o,5' < ||<h“||o,o < ll‘^“lli,o < oo holds; and hence the 

second norm on the right hand side can be estimated as 



<sup{n‘^^'{p) \pe Hi„}(||<h“||o,y)^ (5.16) 

Combining this estimate with 05.151) we obtain that there exists a positive constant Ci 
such that 


m\\i,o < Ci(||:D“^<h^||o,o + ||<^>“||o,v) (5.17) 

holds. 

By Lemma [5l5] and its Corollary 15. 2l there exist a small enough a G (0,1) and a positive 
constant c such that 


||$aIIi,o<5P“/3<^>^||o,o (5.18) 

holds, where supp ($( 4 ) C S — Since := (1 — /5)<h", 

follows, and hence |d>“|. Using supp (/3) C Bi^ and the 

Cauchy-Schwarz inequality we obtain 

V S V S1 

< (l|I>%4'’llo,o)' + 2C||I)“s4'’||„.„ ||4”|k.,B. , + 

where C has been dehned above. But by 05.16p and 05.18p this implies that there exists 
a positive constant C 2 such that 

II^aIIpo < C'2(||P“)3$^||o,0 + Iloilo,5') (5.19) 

holds. Finally, 05.13p . 05.17P and 05.19P yield the estimate fl5.12p . □ 

Corollary 5.3. Under the conditions of Lemma 15. hi there exists a positive constant C 
such that 


\m\i,o<C'\\V^0^^\\o,o (5.20) 

for any G (ker P )-*-where (ker'D)-*- denotes the orthogonal complement o/kerD 
in L 2 . 
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Proof. Suppose, on the contrary, that for any z G M there exists a spinor held G 
(kerP)-*- n Hifi for which ||<hf||i^o > ||o,o- Then := (||<hf dehnes a 

sequence in (kerD)-*- fl Hi q such that ||*hf||i q = 1 , and hence 

1 > ||o,o. 

Thus, in particular, the sequence z G N, is Cauchy in L 2 and converges to zero. 

Since {$"}, z G M, is bounded in Hi q and by Lemma [^TTl the injection Hi q —)■ Hq s' is 
compact for < 0 , there is a subsequence of {‘hf}, for the sake of simplicity {$f} itself, 
which is Cauchy in iLo,< 5 '- Applying f|5.12p to we obtain 

||<h“ - <h“||i,o < c{\\V%^^ - V%^^\\q^q + ||<|)“ - l>“||o,v); 

i.e. {*h"}, z G N, is Cauchy in Hi q. Hence it converges strongly in Hi q to some Since 
the norm || . ||i^o : -ffi.o [ 0 , 00 ) is continuous, ||<h"||i,o = hmj^oo ||‘^?||i,o = 1 , and by the 
continuity of the scalar product G (kerP)-*- also holds. Thus <h“ is a non-zero vector 
which does not belong to the kernel of H. However, by the continuity of H : Hi q —)■ L 2 
and of the norm we have that ||'D“^<l>^||o,o = hmj^oo ||o,o = 0 , which would yield 

that 1)" G kerV. □ 

Our last lemma is the so-called elliptic regularity estimate, which is just Lemma A.2 
of in] applied now to Dirac spinors on the asymptotically hyperboloidal E: 

Lemma 5.7. There exist positive constants Ci and C 2 such that for any G Hsp, 
s > 1, for which G Hgfl is also true, the inequality 

||$1|.+1,0 < C4V^y^%,Q + C2||<h“||.,o 

holds. 

Proof. The proof is a straightforward modihcation of that of Lemma A.2 of j9]. The 
only essential difference between the two proofs is that in the present case we should 
use orthonormal dual bases {e?,'djj}, i = 1,2,3, for which the connection 1-form 7 ‘j := 
dlfDeef = d^Deef is bounded on the whole S. Since S is asymptotically hyperboloidal 
with bounded intrinsic curvature (see subsection 14.411 . such a frame field always exists. 
Also, though in the present case S is not compact, its intrinsic and extrinsic curvatures 
and their hnitely many derivatives (up to order (s — 1 )) are also bounded. □ 

5.3 The isomorphism theorem for T) 

In subsection l4.6.2l we showed that = 0 does not have any smooth square integrable 

solution. First we show that it does not have any solution even in Hi^. 

Proposition 5.1. kerD C Hi q is empty. 

Proof. If <F“ G keiV such that <I>" G Hi q, then G iLi,o- Thus by 

the elliptic regularity estimate. Lemma 15.71 it follows that belongs to 772,0 foo, which 
implies that it belongs to Hqq, ... etc; i.e. it belongs to Hsq for any s G N. But by the 
Sobolev lemma. Lemma 15^ this implies that <F" is smooth. However, in subsection 14.6.21 
we showed that = 0 does not have any smooth square integrable solution, and 

hence kerP = 0. □ 
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We also need the following two propositions: 

Proposition 5.2. Under the conditions of Lemma \5 . 61 Im T) <Z L 2 is a closed subspace. 

Proof. Let {xf}) i € N, be any Cauchy sequence in ImP C L 2 . By the previous proposi¬ 
tion there is a uniquely determined sequence {$f} in Hiq such that = yf. Then 

by Corollary 15.31 there is a positive constant C" such that ||<h" — d’“||i,o < C'llxr ~ Xj l|o,o- 
Hence {*hf} is Cauchy in iLi,o, converging to some G Since V is continuous, 

V^p^h e ImP if i —>■ 00 ; i.e. ImD C L 2 is a closed subspace. □ 

Proposition 5.3. \T> : Hiq —)■ L 2 is self-adjoint. 

Proof. To calculate the formal adjoint of V : C°°(S,D") —)■ (with respect 

to the L 2 -scalar product), let = {a^,Tr^') G fl L 2 and x“ = G 

C'°°(S,D") be arbitrary. Then by integration by parts 

+ {D^'Ba^ + + ^iL7f^')/i^jdS 

= {(jHa'^'va'bU^ + ^'^'tA'^VAB'^^')<^S - 

Thus, the formal adjoint V* : C'°°(S,D") —)■ C°°(S,D") of V is just —P, i.e. iT> is 
formally self-adjoint. Since is square integrable, its Weyl spinor parts fall off as 
and hence to ensure the vanishing of the boundary integral x“ should be required 
to fall off at least as In fact, since T> maps Hi q into L 2 , we require x“ to be 

square integrable, too, i.e. to fall off as o(r 2 ^/^). 

Thus, what we should show is only that the domain 

Dom(P*) := {x" G L 2 I G L 2 : (:D%<h^x“) = V<h" G } 

is just Hi q. In fact, since the formal adjoint {YD)* coincides with YD, their (unique) 
extension from the space of the smooth square integrable spinor fields to Dom(D*) and 
Hi q, respectively, coincide if the domains coincide. Note that 13“ in the definition of 
Dom('D*) is uniquely determined by x“- 

Let x“ £ Then (fD°'p^^,x^) = ("h", iP“/3X^) for any <I)“ G Lfi,o- Thus, for any 

X“ G Hi q, the spinor field 13" := YD°‘px^ G L 2 is such that (iP"^*!)^, x“) = ($",13") for 
any $" G Hi^. Hence, Hi^ C Dom('D*). 

Conversely, let x“ £ Dom(P*). Since Hi q C L 2 is dense, there exists a sequence {xt}i 
i G N, in Hi^q fl Dom(I3*) such that xf fo fhe L 2 -norm. Then for any $" G iLi,o 

($",i'D"^xf) = (®“/ 3 *^^)X“) (iT>"^$^,x") when i —)■ 00 . By x“ ^ Dom(T>*) and 

the definition of Dom(I3*) there exists a spinor field 13" G L 2 such that the limit on 
the right is (i'D"^$^,x“) = ($",13"). Hence, ($",iP"/ 3 xf ~ t 0 if i —)■ cxd for any 
$" G Hifl. But since is dense in L 2 , this implies ($",iP"^xf ~ t 0 if z — )■ cxd 
for any $" G L 2 . Therefore, YD°‘pXi —?• 13" G L 2 in the weak topology of L 2 . Since 
every weakly convergent sequence is bounded, there exist positive constants Ci and C 2 
such that ||xf||o,o < Ci and ||T>"^xf ||o,o < C 2 holds. Hence {xf} is bounded in ifyo- 
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But every bounded sequence contains a weakly convergent subsequence, i.e. there is a 
subsequence /c G N, which converges weakly to some y" G C L 2 . However, 

{xf} was assumed to converge strongly to y" G Dom('D*) C L 2 , the strong and the weak 
limits must coincide: y" = y^ G he. Dom('D*) C Hi^q. □ 

Theorem 5.4. Under the conditions of Lemma \5.6W : Hi^o L 2 is a topological vector 
space isomorphism. 

Proof. We saw that P is continuous, and by Proposition ib.ll it is injective. Thus we should 
show only that it is surjective, too, because, by the open mapping theorem, any continuous 
bijection between two Banach spaces is a topological vector space isomorphism. 

Since by Proposition 15.31 iP is self-adjoint, \m.T> = \m.'D* holds, and suppose, on 
the contrary, that ImP 7^ L 2 . Since by Proposition 15.21 Im TD is closed, this implies that 
(Im'D)-*-, the orthogonal complement of ImP in L 2 , is not empty. Thus, let y“ G (ImP)-*“ 
be a non-zero vector. Since Hi^ C L 2 is dense, there is a sequence {xf}, i G N, in 
Hi^q n (ImP)-*“ such that yf — )■ y“ if f —>■ 00. Then, by the self-adjointness of iV , for any 

G Hifi we have that 0 = (yf, = (fiV^gXi, Since C L 2 is dense, this 

implies that yf G kerP = 0. However, this yields yf = 0 for any z G N, and hence that 
y“ = 0, which is a contradiction. □ 

This completes the proof of the existence and uniqueness of the solution of the renor¬ 
malized Witten equation. 
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